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DECISION METHODS FOR ELEMENTARY ALGEBRA 
B. E. MESERVE, University of Illinois 


About twenty years ago Professor Alfred Tarski obtained a ‘mathematical 
basis for a decision method for the class of all true sentences of “elementary 
algebra.” After being delayed by the war his results have been published by 
Project Rand [3] and, with a few minor corrections and supplementary notes, 
by the University of California Press [4]. The present paper consists of a brief 
description of Tarski’s method (referred to as the decision machine method), 
several applications of this method, and a discussion of the significance of the 
method. 


1. The decision machine method. The decision machine method, like other 
logical processes, requires precise definitions. Each variable is an element of an 
infinite ordered sequence of symbols ranging over the real numbers. The vari- 
ables cannot be considered over the set of integers or any other set involving 
“set-theoretic” notions. An algebraic constant is one of the symbols “1,” “0,” or 
“—1.” An algebraic term is an expression involving only the variables, the alge- 
braic constants, and the two operation symbols “+” and “+”. The sentential 
connectives are “~” meaning not, “/\” meaning and, and “\/” meaning non- 
exclusive or. The symbol “E” is an existential quantifier and is used in quantifier 
expressions such as “(Ex),” meaning there exists an x such that, and “(E,x),” 
meaning there exist exactly k values of x such that. 

Expressions having one of the forms a= and a>, where a and £ are alge- 
braic terms, are called atomic formulas. An expression built up from atomic 
formulas by means of sentential connectives and quantifiers, according to an 
obvious recursive law, is called a formula. Thus the expresions 


x= y, 1+1=0+1, 1i+(-1)>-1 


are atomic formulas, whereas the expressions 


(1) (Ey) = 2) (x+y =5) A (y>0)] 
(2) (Ex) ~ (Ey) [(y > 0) A +9 
and 

(3) (x < 0) V (x = 0) V (x > 0) 


are formulas but are not atomic formulas since each of these three formulas in- 
volves at least one sentential connective or a quantifier. Formulas that contain 
quantifiers such as (Ex) may be regarded as abbreviations for other formuias 
that contain only quantifiers such as (Ex). 

A variable is called a free variable in a formula according to the following 
conventions: 


(i) x is a free variable in an atomic formula if it occurs in the formula, 
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(ii) x is a free variable in a formula of the form (Ey)¢ if and only if y#x and 
x is free in the formula ¢, 

(iii) x is a free variable in ~@ if and only if x is free in ¢, and 

(iv) x is a free variable in the formulas ¢/\@ and ¢\/@ if and only if x is free 
in at least one of the formulas ¢, 8. A formula in which there are no free 
variables is called a sentence. 


Thus x is a free variable in the above formulas (1) and (3) but not in the sen- 
tence (2). 

These definitions are used by Tarski in [4] to prove that any formula can be 
replaced by an equivalent formula without quantifiers and that in this process 
no additional free variables are introduced. As a special case of this result any 
sentence can be replaced by an equivalent sentence without quantifiers. The 
final result of [4] is based upon the presentation of a mechanical procedure by 
means of which any sentence without quantifiers may be replaced by one of the 
sentences 0=0, 0=1 (i.e., the validity of any sentence of “elementary algebra” 
may be decided). 

Intuitively, the decision machine method depends upon the elimination of 
quantifiers, i.e., upon finding for each formula ¢ an equivalent formula @ with- 
out quantifiers and with no free variables except those occurring in ¢. We may 
visualize this process as follows: Since all formulas are defined in a finite recur- 
sive manner, any formula ¢ that contains quantifiers is composed of a part con- 
taining all but one of the quantifiers followed by a part, say 8, composed of 
exactly one quantifier followed by a formula without quantifiers. The elimina- 
tion of quantifiers is based upon the replacement of @ by an equivalent formula 
6, without quantifiers and with no free variables except those in @. In this way 
we may, by an elementary theorem of logic, obtain a new formula ¢; that is 
equivalent to the given formula ¢, contains one less quantifier than ¢, and has 
no free variables except those in ¢. Then, since any formula¢ can contain onlya 
finite number of quantifiers, the above process may be applied a finite number 
of times to obtain a formula, say ¢», that is equivalent to ¢, has no quantifiers, 
and has no free variables except those in ¢. 

The desired replacement of a formula, such as (Ex)¢, having a single quan- 
tifier (Ex), by an equivalent formula without quantifiers may be accomplished 
as follows: The formula ¢ has now been assumed to have no quantifiers. By a 
theorem of elementary logic the formula ¢ is equivalent to a formula ¢; which is 
a disjunction of conjunctions of atomic formulas and their negations, 7.e., 


oo: = on V V V din, 


where ¢;; is a conjunction of formulas having the form a=8 or a> or their 
negations. The theorem used here is an analogue of the theorem of boolean 
algebra which asserts that any element in a subalgebra generated by m elements 
may be expressed as a sum of products of the elements and their complements. 
The original formula (Ex)¢ is now equivalent to 
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(Ex)(ou V V V din) 
and therefore, by elementary logic, to 


(Ex)ou V (Ex)o V ++ V (Ex)din. 


We have sketched the dependence of the method of elimination of quantifiers 
upon the elimination of a single quantifier and, now, upon the elimination of a 
single quantifier in formulas consisting of a single quantifier and a conjunction of 
atomic formulas and their negations. Since 


~ (a = B) > (a > B) V (6B > a) 


and 
~ (a> (a = 8) V (8 >a), 


the negations of atomic formulas may be replaced by disjunctions of atomic 
formulas. Also, since the quantifier may, as above, be distributed over the 
terms of a disjunction, the elimination of quantifiers depends upon the finding 
of equivalent formulas without quantifiers for formulas consisting of a quantifier 
and a conjunction of atomic formulas. 

Finally, we note that the atomic formulas are of the form a= and a> 
where a and 8 may be considered as polynomials in a variable x whose coeffi- 
cients are polynomials in other variables with integral coefficients. Accordingly, 
if a formula such as (Ex)¢ consists of a quantifier and a conjunction of atomic 
formulas, then the formula states that there exists x such that a certain set of 
polynomial equations and inequalities are simultaneously satisfied. The method 
for eliminating quantifiers is essentially a method for expressing formulas, such 
as (Ex), by means of disjunctions and conjunctions of equalities and inequali- 
ties (i.e., of atomic formulas) involving the coefficients of the given polynomials. 
The method used is a generalization of the method of Sturm and provides the 
core of the decision machine method. 


2. Operations used. A complete description of the decision machine method 
would require an amplification rather than a few comments upon Tarski’s work 
in [4]. It is hoped that the following brief description of the operations used in 
the decision machine method will provide an intuitive understanding of the 
method for all readers and facilitate further study of the method by the readers 
who have a particular interest in this phase of mathematics. Eleven operators 
are used to establish a mechanical procedure for replacing any formula by an 
equivalent formula without quantifiers and without introducing additional free 
variables. A twelfth operator gives rise to a decision regarding the validity of 
sentences (i.e., of formulas without free variables) obtained using the other 
eleven operators. Tarski defines each of the operators in “elementary algebra.” 
We shall endeavor merely to identify the nature of or need for the operators. 

Let a and 8 be polynomials in x with algebraic terms that do not involve x 
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as coefficients. In “elementary algebra” polynomials may have leading coeffi- 
cient zero. Then 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


(vii) 
(viii) 


(ix) 


(x) 
(xi) 


(xii) 


Rd, operates upon polynomials in x. The reductum of a, Rd,(a), is 
obtained by deleting the term of a that is of highest degree in x. When 
a does not involve x, Rd,(a) =0. The symbol Rdi(a), the k-th iterate 
of Rd,(a), is defined recursively for nonnegative integral values of k. 
P, operates upon terms or formulas. For any term it indicates that the 
operations + and « are to be performed as indicated and the resulting 
terms arranged in increasing powers of x. For any formula ¢ without 
quantifiers the formula P,(¢) is defined such that it is an equivalent 
formula without quantifiers and without negation signs. 

Q operates upon formulas without quantifiers and without negation 
signs. If @ is such a formula, then Q(¢) is an equivalent formula and 
is a disjunction of conjunctions of atomic formulas, 7.e., Q(@) is in 
“disjunctive normal form.” 

M? operates upon polynomials a(x) for non-negative integers m. The 
formula M?(qa) is valid if and only if x denotes a root of @ of order n 
where x is said to denote a root of order 0 if and only if a(x) #0. The 
definition of M}?(a) involves the concept of a formal derivative of a(x). 
Fz operates upon ordered pairs of polynomials a, 8. The integer m such 
that the formula F?(a, 8) is valid denotes a complicated relationship 
among certain roots of the polynomials that are right end-points of 
segments on which the polynomials are of the same sign. 

G? operates upon ordered pairs of polynomials and is defined in terms 
of F?. The formula G?(a, 8) is valid if and only if for increasing x there 
exist exactly m more values of x at which the product a8 changes from 
positive to zero to negative than there are values of x at which the 
product changes from negative to zero to positive. 

R, operates upon ordered pairs of polynomials. The polynomial R,(a, 
B) is the negative of the remainder when a(x) is divided by 8(x). 

S operates upon formulas of the form Gi(a,,8) and gives rise to an 
equivalent formula that is used in the definition of the operator T. 
H;? operates upon ordered pairs of polynomials. The integer n= h(a, 8) 
such that the formula H?(a, 8) is valid denotes that there exist ex- 
actly m “numbers x such that the difference between the order of x ina 
and the order of x in 8 is an odd integer, not necessarily positive.” 

T operates upon formulas of ten specified kinds and gives rise to equiv- 
alent formulas without quantifiers or additional free variables. 

U operates upon any formula of “elementary algebra” and gives rise 
to an equivalent formula without quantifiers or additional free varia- 
bles. “If @ is any sentence, then U(¢) is an equivalent sentence without 
any variables or quantifiers.” 

W operates upon sentences that involve no variables and no quanti- 
fiers. If @ is such a sentence, then W(@) is equivalent to ¢ and is exactly 
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one of the two sentences 
0 = 0, 0=1. 


Formal definitions of the above operators in “elementary algebra” may be 
found in [4]. The first eleven operators serve to replace any sentence of “ele- 
mentary algebra” by a sentence without variables or quantifiers. Then since 
each term of such a sentence is obtainable from the constants 1, 0, and —1 using 
the operations + and +, each term may be assigned an integer as its value. The 
operator W uses these integers to provide a decision method for the class of all 
true sentences of “elementary algebra.” 

Basically the decision machine method is a formalization and extension of 
Sturm’s Theorem. It is primarily applicable to sentences of the form (Exx)@ 
where k is necessarily an integer and ¢ is a “formula” that contains no free varia- 
bles other than x. The most severe limitations of the method are based upon the 
necessity for avoiding all set-theoretic ideas. Accordingly one cannot consider 
integral variables, rational variables, polynomials of arbitrary degree, or the 
solvability of an equation in terms of radicals. This limitation is implied by the 
word “elementary” in the phrase “elementary algebra.” 


3. Applications. Consider the sentence ¢ 
(4) 5 = 0), 


1.e., there exist exactly two values of x such that x —5=0. Tarski defines the for- 
mula T(¢) [4; 31-34] to be 


(5) [~(-5=0 V~(1=0)] ASG; (x — 5, 1) 


where the last occurrence of “1” appears because it represents the formal de- 
rivative with respect to x of the polynomial x —5. As mentioned in Section 2, the 
formula G;?(x—5, 1) denotes that for increasing values of x there exist exactly 
—2 more values of x at which the product (x—5) (1) changes from positive to 
zero to negative than there are values of x at which the product changes from 
negative to zero to positive. The formula SG7?(x—5, 1) in the formula (5) is de- 
fined [4; 24] to be 


(6) = 0) A 5, 1)] V [1 = 0) A SG, (x — 5, 0)] 
V [(1 > 0) A (1, 0)] V [C0 > 1) A — x +5)]. 


Since 1>0, we are now concerned with SG7'(1, 0) which is defined to be the 
sentence 0=1. Thus the sentence (4) is equivalent to the sentence 0=1 and is 
not valid. The above statement of the formula (6) defining SG7?(x—5, 1) has 
been simplified—relative to the corresponding statement in [4]—by using the 
operators Rd,, P., and R, mentioned in Section 2. Formula (6) has been stated 
without explanation in order to illustrate the recursive nature of the definitions 
and the mass of details involved in the decision machine method without merely 
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repeating the intricate web of definitions given in [4]. 

Many familiar theorems may be expressed for calculation by the decision 
machine method. As in Sturm’s Theorem the number of distinct real roots of 
a polynomial a(x) is k where the sentence 


(Exx)(a = 0) 
or the equivalent sentence 
Ge [a, 


without quantifiers is valid. The number of roots of multiplicity 7 on interval 
a<x3Sb is the integer m where the sentence 


(E,x){ Ma) A (a < x) A <b) V (x = 


is valid [5]. The Cauchy-Sylvester Theorem [1] as extended in [2] may also be 


easily expressed in “elementary algebra.” 
When the system of polynomials under consideration 


0 < f;(x) (j = 1,2,---,5) 


contains only inequalities, the number of values of x satisfying the system is 
either zero or infinite. Thus the decision machine method can test only for con- 
sistency. However, it is possible to extend Sturm’s theorem in the sense of 
counting segments of values of x that have zeros of the polynomials as their 
finite end points and on which the system is satisfied. This problem has been 

‘completely solved by traditional methods [2] in the case of polynomials in one 
variable. The steps used in the solution of this problem involve systems of equa- 
tions and inequalities and may be expressed for calculation by the decision ma- 
chine method. 

In addition to applications such as the above, the decision machine method 
may formally be used to solve decision problems and to obtain some theoretical 
results in the elementary algebra of complex numbers, euclidean and projective 
geometries, topology, and other related theories. 


4. Significance. Even though the applications of theorems such as those 
mentioned above are often very tedious by traditional methods, they appear 
much shorter than those of the decision machine method. The following quota- 
tion from [3; 4] bears out this point. 


“Since a decision machine . . . requires no intelligence for its application, it is clear that 
whenever one can give a decision method for a class K of sentences, one can also devise a de- 
cision machine to decide whether an arbitrary sentence belongs to K. It is with this possi- 
bility in mind that the decision method for elementary algebra is presented here. . . . The 
decision method for elementary algebra gives the mathematician the assurance that he will 
be able to solve this question one way or another by working at it long enough. He still may 
hesitate to spend the time that would be required for such a solution. A machine of the sort 
suggested here would remove this hesitation ....” 
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Without detracting from the logical significance of the decision machine 
method, it is certainly true that most mathematicians will “hesitate to spend 
the time that would be required for such a solution” in the case of any problem 
of sufficient complexity as to be of mathematical interest. Thus the decision 
machine method will not supplant the usual method for the application of 
Sturm’s Theorem. Neither can it be expected to supplant present methods of 
applying the other theorems mentioned above (until a machine is available) 
even though the present methods for calculating them may be very tedious. 

The decision machine method does make possible the formal extension of 
many theorems from one to m variables since at each step the possible vanishing 
of each leading coefficient may be taken as a separate alternative. Thus formally 
the problem of extending many theorems becomes one of finding statements 
for the more general theorems in the terminology of “elementary algebra” as 
formulas without free variables. The consistency theorems are the easiest to 
formulate. In general, the system 


0 < fim, %2, Xn), (j=sti1,---,d, 


is consistent if and only if 


~ (Eom)(Eom) (Eotn) = ft) =f) - AO =f) 
A (0 < fen) AO 


The variables may also be restricted by relations such as a;<x;<by;. 

The decision machine method for determining the validity of sentences of 
“elementary algebra” is based upon an extension of Sturm’s Theorem. Theorem 
29 is a key theorem of [4] and is based upon the ten cases in the definition of the 
operator T. This definition is very compactly stated by nearly four pages of 
symbols involving the pyramid of definitions on the preceding twenty-five 
pages. When the polynomials have real coefficients, the first case of Theorem 29 
is precisely Sturm’s Theorem and the proof of the second case is based upon the 
Cauchy-Sylvester Theorem. 

In conclusion, the decision machine method represents a considerable formal 
advance of theoretical interest to all mathematicians. Prior to the construction 
of a decision machine it will not supplant present procedures and should not 
discourage continued search for practical procedures to solve problems of ele- 
mentary algebra. It has practical value in that mathematicians may first seek 
to formulate problems for a decision machine and then seek methods for making 
the decision. 

The existence (past, present, or future) of a decision machine is entirely 
possible. Some, and perhaps all, of the operators (Section 2) used in Tarski’s 
decision machine method may be used in our present electronic computers. 
Whoever succeeds in developing codes of instructions to enable one of our pres- 
ent machines to serve as a decision machine for “elementary algebra” will 
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thereby solve a class of decision problems of far greater scope than those con- 
sidered in [4] since within the accuracy of the machine (for example, modulo 
2-** on the interval from — 1 to 1 on the University of Illinois computer) all 
convergent power series may be considered as polynomials. Thus a decision 
method for all functions that may be represented by convergent power series in 
a finite set of real variables may now be possible within the accuracy of the 
machine used. Even though the result obtained is modulo 2—*°, for example, and 
therefore is not a precise theoretical result, such a decision method would have 
very wide application—both practical and theoretical. 


Added in proof. Since the present paper was submitted, A. Seidenberg has 
shown that the results obtained by Tarski’s decision machine may also be ob- 
tained in algebraic geometry. See “A New Decision Method for Elementary 
Algebra,” Annals of Mathematics, vol. 60, 1954, pp. 365-374. Although the two 
methods appear equally suitable for human calculation, Seidenberg’s method 
provides new hope for the construction of a decision machine. 
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THE FIRST CONFERENCE ON TRAINING PERSONNEL FOR 
THE COMPUTING MACHINE FIELD* 


FRANZ HOHN, Bell Telephone Laboratories and University of Illinois 


1. The nature of the conference. This conference, which was iield in Detroit, 
Michigan, June 22-23, 1954, was sponsored by Wayne University with the co- 
operation of the Association for Computing Machinery, the Industrial Mathe- 
matics Society, and the local chapter of the Professional Group on Electronic 
Computers of the Institute of Radio Engineers. The details were arranged by 
Professor Arvid W. Jacobson, director of the Wayne University Computation 
Laboratory, with the help of his staff. The purpose of the conference was to dis- 
cuss 

(a) manpower requirements in the computer field, 


* The full proceedings of this conference have been published and are available from the 
Wayne University Press, Detroit 1, Michigan. The cost is $5.00. 
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(b) educational programs for training computer personnel, and 
(c) possibilities for cooperation among business, industry, government agen- 
cies, and educational institutions in solving the manpower problem. 
The program consisted of four groups of invited addresses and two panels, fol- 
lowed in each case by extensive discussion from the floor. The speakers repre- 
sented a wide range of organizations of the kinds just mentioned. 

That such a conference was opportune hardly needs emphasis, for the short- 
age of competent candidates for positions in the computer field is becoming 
increasingly critical as the demand for computers grows. Not too widely recog- 
nized is the fact that this problem is of importance to the entire mathematical 
fraternity. However, although many mathematicians have scorned computer 
art, most of us recognize that it has added a whole new dimension to research in 
eugineering and in the physical and the social sciences. Perhaps many of us 
have felt that, much as we might like to do so, we cannot adequately prepare 
our students for participation in this field for lack of a machine. However, the 
speakers indicated repeatedly that the most important educational requirements 
for work in the computer field may be met even by those who have no expensive equip- 
ment. It is the purpose of this report to outline the details of conclusions such as 
these, to list the constructive actions suggested, and to call attention to the op- 
portunities, existing and future, for employment in this field. 


2. Manpower needs in the computer field. At present, computers are most 
extensively used for engineering calculations, next for scientific research calcula- 
tions, and only to a relatively small extent for the processing of business data. 
In all of these areas, and especially in the third, as machines are built that better 
meet existing and developing needs, and as potential users learn what these new 
tools for data-processing can do, the demand for the machines expands at an 
accelerating rate. This of course creates a corresponding demand for a variety 
of trained personnel. Present indications are that this demand will reach dra- 
matic proportions within a decade. 

Employees in this field who require mathematical training may be grouped 
into the following classifications. 

(A) Employees of the computer manufacturer (who may also use computers). 
(1) Machine design men, trained in electronics, mathematics, information 
theory, the logical design of computers, etc. Such men are most difficult 
to find. Usually they grow up in the company. (Manufacturers of tele- 
phone switching systems, industrial control systems, and other com- 
puter-like devices also need men with these qualifications for work in 
their research and development organizations, so that a broad basic 
training rather than one governed solely by computer considerations 
is indicated. The same observation applies to the next category of em- 

ployee as well.) 
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(2) Electronic circuit designers. These will be trained principally by de- 
partments of electrical engineering. Many more will be needed than 
men of the first type. 

(3) Technical salesmen, educated in special fields of application, experi- 
enced in the use of the machines they sell, and able to communicate 
effectively with the prospective user. Many of these will be mathemat- 
ics majors or minors. 

(4) Training staff for the manufacturer’s own employees and for those of 
his customers. Again, many of these will be mathematics majors. 

(5) Assembly and maintenance workers. For a large proportion of these, 
high school training will be adequate. 


(B) Employees of the computer user (who may also build computers). 


(1) Professional computer staff to develop program libraries, to do nu- 
merical analysis, to develop better methods of using machines, to re- 
duce data and formulas to computable form, etc. 

(2) Applied mathematicians with computer experience to assist research 
workers in various fields in formulating their problems properly for 
computation. Teams of this kind have proved to be especially effective 
in research. 

(3) Programmers. 

(4) Maintenance workers. 


In the first two of these categories, advanced mathematical training is re- 
quired; in the last two, a high school education is often sufficient but intelligence 
and reliability are essential. In all categories, the premium is on people who are 
above average in personality, mental ability, and education. The more education a 
candidate for employment has, the greater are his opportunities to find a re- 
sponsible position with a high salary. 

Currently there is a shortage in all the above classes except perhaps in the 
case of programmers. The shortage is in part due to the fact that potential em- 
ployees are not aware of the good salaries, the opportunities to advance, the in- 
teresting work, and the pleasant associations characteristic of the field. However 
the shortage will continue even when this knowledge is more widely circulated, 
simply because there are not enough students now receiving the necessary in- 
struction at the various levels. 

A related problem is that the present number of mathematics teachers is 
too small to take care of the future training need. Moreover, because of the 
salary differential, we can expect future graduates to be attracted increasingly 
to positions other than teaching. In fact, teachers themselves have often been 
attracted to such positions, and in the long run, the problem of finding teach- 
ers will be more critical than that of finding students. The public will thus be 
faced increasingly with the necessity of making teaching more attractive to able 
candidates in order to preserve the quality of the schools. 
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3. Educational institutions and the manpower need. Clearly, the greatest 
responsibility for meeting this manpower need falls on the educational institu- 
tions. The primary considerations, as they were developed by the various speak- 
ers of the conference, appear to be these: 

(1) The ultimate effect of the computer will be to increase leisure time by 
accelerating the increase in output per man-hour characteristic of our 
technology. Too much emphasis on vocationalism and too little empha- 
sis on the liberal aspects of education would tend to destroy the bene- 
fits of this leisure, and would be a serious disservice to democracy. 

(2) Even from the point of view of effective participation in computer 
work, specific machine training must not be allowed to replace funda- 
mental scientific education. Neglected education is a handicap that 
may never be overcome, but machine operation can always be learned 
on the job in a few months. The rapidity with which machines become 
obsolete lends emphasis to this point. 

(3) No extensive introduction of new mathematics courses is indicated. 
However, the existing courses need to recognize in a realistic way the 
importance of computation in the scientific and industrial activities of 
our time, to train students to think in terms of many variables, etc. 
Thus, significant changes in emphasis and point of view are in order. 

(4) Education should be designed to challenge the student’s best abilities 
and particular emphasis should be placed on courses and methods of 
teaching which require creative thinking in the learning process rather 
than imitation and drill alone. Indeed, what the student needs most 
from his schooling is a basic foundation of principles by whose aid he 
can continue his learning throughout his years of employment and thus 
keep abreast of changing technology. 

(5) There should be a far-reaching re-emphasis on mathematical modes of 
thought and analysis at all levels of the educational process. 

As mentioned previously, these primary goals require no expensive machin- 
ery for their attainment. 

Comments directed to specific educational levels were also made. At the 
high school level, these included the following: 

(6) Experience shows that able high school graduates can easily be trained 
to perform some of the more routine tasks of computing such as pro- 
gramming, for example, thereby releasing more highly trained staff for 
work in which advanced training is necessary. 

(7) The interests of high school students are typically dormant and need 
stimulation and encouragement. This can be done by emphasizing the 
importance of computation in their mathematics courses, by intro- 
ducing computer “literature” into high school libraries, by providing ex- 
perience with desk machines, by competitions and prizes, etc. 

(8) An emphasis on accuracy and checking is vital. “Getting the method 
right” isn’t enough: a computing machine does just what it is told to 
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do, and one error in programming may cause it to make thousands of 
errors a minute. 

(9) The vocational high schools can provide good preparation for main- 
tenance work on computers through training in shop work, electronics, 
mathematics, etc. 

Comments directed primarily at the college level included these: 

(10) Numerical analysis, though difficult, is the most important single 
mathematical course needing to be introduced into the curriculum. 

: However, the approach must be up-to-date: much of the classical ma- 

4 terial on computation is obsolete. 

ae (11) Training in abstract mathematics (such as algebra at the Birkhoff- 

; MacLane level, for example) is most valuable for those who will analyze 

problems and reduce them to mathematical form prior to computation 
and especially for those who will design logical machines. 

(12) Consideration should be given to introducing basic logic, number sys- 
tems other than decimal, and vectors and matrices, all of which are 
fundamental in modern computer mathematics, into the program of the 
freshman year, or even into the high school program. Mathematical 
induction, the “soul of programming,” deserves a special emphasis. 

(13) The subject of finite approximation procedures should be introduced i 
wherever possible (for example, in studying integration) because such 
procedures are used in computing with machines, which cannot pass 
to the limit. 

; (14) Experience with desk calculators is important because it gives a “feel” 

: for computation and should precede training with electronic computers. 


(15) The student expecting to enter the computing field should develop an f 
interest in, and obtain experience with, applications, since an essential 
qualification is the ability to communicate with the engineers and sci- ' 


entists who provide the problems. 
of (16) There is a wide gap between the undergraduate’s mathematical train- 
s ing and what the graduate school or industry will require of him. More 
3 attention must be given to improving his mathematical preparation. ' 
2 (17) It was repeatedly emphasized that a broad, thorough training in math- 
ematics, appropriately oriented with respect to computation and appli- 
cations, is the best training for mathematical work in the computer 
field, and that only a general familiarity with what the machines can 
do is prerequisite to such employment. Most of the specialized train- 
ing may be left to graduate courses or may be obtained on the job. t 
Considerable regret was expressed by a number of speakers that many math- 
ematicians view the whole science of computation as being somewhat beneath , 
their consideration. Indeed, this attitude was felt to have constituted a serious 
impediment to progress in view of the influence exerted by such mathematicians 
on graduate students. The following comments are directed to the graduate level 
and are in part an answer to this attitude: \ 


ret 
7 
+ 


1955] TRAINING PERSONNEL FOR COMPUTING MACHINES 13 


(18) The rewriting of analysis in a form adapted to the computer is a far 
from trivial problem and will require years for its completion. 

(19) The mathematical analysis of an applied problem and its reduction to 
computable form is often not trivial either, even though only elemen- 
tary mathematics may be involved. 

(20) Besides numerical analysis, the qualitative theory of differential equa- 
tions (as opposed to the search for closed solutions), the effect of higher 
order terms that no longer need to be neglected in analyzing physical 
problems, practicable existence theorems and tests, the theory of er- 
rors, the theory of systems, an abstract theory of digital control proc- 
esses, and the development of quantitative methods of research in the 
social sciences, were all cited as important areas for mathematical in- 
vestigation. 

(21) Graduate students are attracted to staffs with lively, current problems. 
Thus there will be an inadequate supply of applied mathematicians un- 
til more mathematicians in the universities become active in that kind 
of research. In fact, the sets consisting of the mathematics which is 
taught, the mathematics which is the object of research, and the math- 
ematics which the world needs, have too limited an intersection. 

(22) In institutions having a computer, special lectures and special courses 
may be given to inform students and staff in other departments about 
the nature of the computer, what it can do, what it should not be ex- 
pected to do, how it can aid their research, and how it should be pro- 
grammed for this purpose. In this way, the computer can be used to 
exert a beneficial, unifying influence on the university. 

Some of these observations, as well as those made earlier concerning the type 
of training that is essential, indicate that the interests of the pure mathemati- 
cian, the applied mathematician, and the computer specialist are not so divergent 
as might once have appeared. 


4. Non-educational employers and the manpower problem. The observation 
of those familiar with the recruiting problem was that “Ph.D.’s are hard to find 
and harder to recruit” for positions in the computing field. This is partly due to 
the relatively small number of possible candidates, and partly due to an un- 
willingness to accept nonacademic employment because of anticipated loss of 
freedom of research, limited vacation time, routine type of work, and so on, for 
which the considerably better pay does not always seem to be adequate com- 
pensation. As Ph.D.’s in such employment are increasingly provided with semi- 
professional and nonprofessional aid to help with the more routine procedures, 
and as nonacademic research organizations take on a more academic flavor, it 
will become progressively easier to recruit such personnel. In fact, a real prob- 
lem may ultimately be to induce enough Ph.D.’s to stay in teaching positions. 

Some specific ways in which nonacademic employers can help to increase the 
supply of highly trained personnel are these: 
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(1) Funds should be given to schools for the purpose of setting up computa- 
tion laboratories. 

(2) Scholarship funds should be provided for promising students. 

(3) Students should be given summer positions during their period of school- 
ing and part-time work in winter where that is feasible. 

(4) Consultation opportunities should be provided for teachers. This will 
make it easier for them to stay in teaching, where their services will bene- 
fit many employers rather than just one. 

(5) Endowed professorships, fellowships for further study, funds for visiting 
professorships, and temporary positions in business, industry, or govern- 
ment, should be provided for the teachers also. 

(6) Industry should allow near-by schools without computers to use its ma- 
chines on a part-time basis and provide significant problem material as 
a means of giving practical experience to both students and staff. 

(7) Interest, goodwill, and inspiration should be created by providing in- 
formative lectures, orientation programs, appropriate literature, efc., in 
schools and colleges. 

(8) Through cooperation with and support of appropriate agencies (such as 
this conference, for example), non-academic employers can aid in the 
study of the needs for training and research and in the formulation of 
policies and plans for handling the problems that arise. 

Many forward-looking companies and certain government agencies (the 
National Science Foundation, for example) are already active in the above 
ways. Their help has been widely appreciated by students and teachers through- 
out the country. It is to be hoped that other companies will soon follow suit. 

Clearly not all the funds for such activities can come from the computing 
machine manufacturers. Indeed, other companies stand to gain much in the 
long run from sharing in these responsibilities in order to advance computer art. 

An outstanding example of this sort of shared responsibility is to be seen in 
the Wayne University Computation Laboratory, which derives advice and sup- 
port from some twenty companies in the Detroit area. Because of this coopera- 
tion, the Laboratory is enabled to make a unique contribution to the economic 
life of the community as well as to give its students particularly valuable train- 
ing. 

There is no reason why similar laboratories could not be set up in many 
other universities. Indeed, this should be done, for in this area as in others, the 
universities must serve as the primary sources of new talent and new ideas. 
Moreover, theirs is also the responsibility of helping to ensure that the poten- 
tialities of these new machines will be used only for the preservation and ad- 
vancement of the values of our free, democratic society. 


5. Conclusion. An important feature of these meetings was the enthusiasm 
of the speakers for what the computer and related devices can now do and will 
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do in the future. The automatic office, the automatic factory, and better sys- 
tems of communication, as well as better computers, were indicated as being 
well on the way toward realization. Moreover, in all these developments, mathe- 
matics will play an important role. Whether or not we as mathematicians exer- 
cise any significant influence thereon depends on the extent to which we are 
willing to cooperate in the education of workers in this field. If we are unwilling 
to recognize the rising importance of applied mathematics and computation, 
much of our present responsibility will of necessity be taken over by other de- 
partments of our universities and by industrial training programs. On the other 
hand, there is much to be gained, for all concerned, from mutual respect and 
cooperation. 


AN EXPERIMENT WITH TELEVISION 
MARGUERITE LEHR, Bryn Mawr College 


“Of myself I say nothing, but in behalf of the business which is in hand I entreat men to be- 
lieve it is not an opinion to be held but a work to be done.”—Francis Bacon 


1. Introduction. This is a report on a semester’s experience with a mathe- 
matics program on a commercial network, concerned not so much with the pro- 
gram itself as with the powerful means at our disposal, for our purposes. I say 
“our” not only in the wide sense of national concern with an educational 
dilemma, if not disaster, in mathematical training but also in the special sense 
of mathematicians, with all that implies of the specialist’s jealous concern for 
his own field of knowledge. Fifteen weeks convinced me that the best we can 
manage—best in a mature professional sense even in so supposedly esoteric a 
field as pure mathematics—pays off in that unknown general public at the re- 
ceiving screen of a television camera in precisely the ways we want and need. 

The program called University of the Air which has just completed its fourth 
year over Philadelphia’s Channel 6 is a joint undertaking of WFIL and some 
twenty-five institutions of the Delaware Valley region, ranging from Rutgers 
and Lehigh through Philadelphia’s varied list to Lincoln and the University of 
Delaware. Individual faculty members or departments submit to the studio’s 
educational director suggested plans for a fifteen-week “course,” October through 
January or February through May, to be developed in either a seventeen or 
twenty-seven minute period once a week. Ten courses are selected for each 
semester and the lecturers supply outlines from which the studio compiles a se- 
mester syllabus, announced at each talk and sent out for twenty-five cents. In 
this way, five mornings a week from 11:15 to 12:00, subjects ranging from Chem- 
istry of the Body and Folk Art to T. S. Eliot have been presented, with suffi- 
cient response to warrant the studio’s continuing the plan even with an allocated 
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and developing educational channel. The director had been particularly anxious 
to present mathematics or theoretic physics, and Bryn Mawr’s committee asked 
me if I would consider offering a mathematics program. 

The opportunity and the risk were both great. A mathematics course offered 
with or without credit on an educational channel can be planned at some defi- 
nite level of technical competence. Without this sifting of audience, lecturers 
tend to stress immediate practicality or to settle, perhaps reluctantly, for the 
thin fare of puzzles and pretty designs. I was sure one could whittle out fif- 
teen topics exhibiting non-trivial mathematical ideas and strategies of thought, 
and present them in such a way that you would hear more if you knew more. 
Proper ordering and careful verbal echoes of past talks could give unity even 
though each question must be posed, developed and signed off in twenty-seven 
minutes. Surest of all was my knowledge that mathematics per se, shown as 
pure and driving human activity, not as accumulated results, intrigues people 
of all kinds and trainings; I’ve never seen it fail. (What, never? Well, hardly 
ever!) Nevertheless I hesitated, aside from the work and the risk. 

It is an ironic fact in academic fields that from outside the cry is, “Specialists 
can’t communicate,” while on both sides but particularly within the profession 
those who can or try to are suspect. They must be sugar-coating or watering 
down; even more likely, they are really devoted amateurs satisfied by over-sim- 
plifications which miss the root of the matter and misrepresent the activity. 
This is a costly prejudice, in a time when a proper diffusion of knowledge is 
one of our few safe-guards. No test situation however restricted can be neg- 
lected. Here, the syllabus permitted each talk to be conceived as sparking 
thought rather than completing some tiny piece of work. Topics with aspects 
being treated in one’s advanced lectures would have the requisite overtones of 
current live activity, and close attention to verbalization could satisfy a more 
informed listener yet not lose too soon the less trained. But what conception of 
the public would justify such use of time by a member of the faculty in a small 
department which must carry mathematics curriculum through the Ph.D. ? 

The public includes people who hear a child’s sums called his mathematics, 
and industries which classify as mathematicians little girls who punch adding 
machines. The public includes highly trained and able specialists who are naive 
about the intention of mathematics to the point of deep mistrust. This is our 
business, not to be dismissed with a smile even if our concern is entirely and 
narrowly vigorous growth of the pure field. It is a counsel of defeat to say, 
“Who would be watching T.V. at that hour?” (You’d be surprised at the spread 
that showed up even in chance encounters.) The program could be attacked 
only by forgetting “the public,” except as people with minds to be intrigued 
by what had intrigued men before them, by trusting to thinking in front of 
them instead of instructing them. For us, the main problem is forcing that 
high level of attention from which ideas can spring with conviction. For many 
of them, reaching such a level even for a few minutes could be an exciting expe- 
rience; one knows this from one’s freshmen. My plan was an experiment in 
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“talking from saturation”; the Monday morning time was a deliberate choice, as 
insurance against a divided mind. My intention was never to fight shy of ab- 
stractions; rather, to highlight the abstracting process wherever possible, from 
the child’s first fresh leaps to the articulate strategies of the working mathe- 
matician. 


2. Syllabus and course content. The syllabus contained a brief introduction 
and a two-hundred word section for each week, with abstract and three refer- 
ences selected to offer wide range of treatment, and as much further bibliogra- 
phy as possible in the strict text or treatise sense. Any one sending for the syl- 
labus was already interested in at least one of the ten subjects; the abstracts 
were therefore intended to catch attention by questions raised, while the range 
of reference would (I hoped) reassure and serve a more informed reader. This 
was one device for coping with the unknown spread of mathematical sophistica- 
tion in the potential audience. To give some notion of the attack, I have repro- 
duced the introduction and the list of topics with single relevant sentences. The 
abstract “On Ideas of Space” indicates style in general, and the summary serves 
as one statement of aims. Repeatedly referred to were: 


What Is Mathematics?—Courant and Robbins 
' Geometry and the Imagination—Hilbert, Cohn-Vossen 
An Invitation to Mathematics—Dresden 
Mathematical Snapshots—Steinhaus 
Current Scientific American articles listed were: 
Crystals and the Future of Physics—Le Corbeiller, January, 1953 
Mathematical Machines—Davis, April, 1949 
Leonhard Euler and the Koenigsberg Bridges—(Translation), July, 1953 
Greek Astronomy—de Santillana, April, 1949 
Probability—Warren Weaver, October, 1950 
Statistics—Warren Weaver, January, 1952 
Topology—Tucker and Bailey, January, 1950 
Symbolic Logic—Pfeiffer, December, 1950 
Is There an Infinity?—Hans Hahn (Translation), November, 1952 


Some further references are given in the condensed version as illustrative. 


3. Foreword and topics from the syllabus Invitation to Mathematics. Most 

people associate mathematics with getting answers or giving proofs, and it is 

i easy to see why. Mathematics does set up good rules for getting quick answers, 

and does accumulate good reasons for trusting those rules. But the life of the 

enterprise is inquiry; as we learn how to ask good questions, answers come, 

often more powerfully than when we strain for them. So these talks are con- 

| cerned with raising questions: questions of practical import or of pure curiosity, 
: questions about number, space, pattern, logic, questions which mathematicians ; 
know have paid off in increasing our comprehension of the world we live in. 


DETROIT PUBLIC LIBRARY 
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You are wrong if you think questions of this kind are special, technical, oc- 
curring only to a few gifted people. Almost every small child does things and 
asks about things which touch such mathematical sides of experience. He may 
be hoping for a rule (what to do), he may be groping for a reason (why it works) ; 
mathematics itself swings between rules and reasons. In these talks children’s 
casual remarks will sometimes be used, for illumination or to surprise you into 
an attitude of observant curiosity. Even the dictionary under “mathematics—fr. 
Greek” gives first mathematikos—dis posed to learn, and only second mathemata 
—things learned. 

Note: In reading mathematics, you are meant not to acquiesce but to agree 
or disagree. The recorded “things learned” are results of an activity that had 
conviction; they were recorded to avoid the waste of re-thinking, but they 
must stand up under repeated re-reading. To read the record with conviction is 
often slow and sometimes difficult. Some of the texts quoted (and some famous 
mathematicians) give explicit advice on how to read. This advice, like most 
oracular speech, is summed up in contradictions: go back; go on; stop a while. 
These must, of course, be mixed in judicious proportions! The suggestions for 
reading include as many types of approach as possible; WARNING: they often 
reflect not only the activity but the personality of the man writing about mathe- 
matics. 

1. Preview: Questions, questions, everywhere... 

Try not to ask too soon: Where does this get us? What does this apply to? 
Franklin flew a kite—a childish pursuit; but by letting it run free he learned 
something far from childish. If in these talks kites are once air-borne, don’t pull 
them down too soon. There’s electric charge in those clouds! 

2. Regular Shapes, via tiles, pyramids and honeycombs. 
Plato, Descartes, Euler—mathematics knows no nationality. 
3. Regular Patterns and Symmetry. (Crystal groups.) 

Symmetry—H. Weyl. (Not easy reading, but studded with pictures.) 
4. Products and Primes: a multiplication table sets a pattern. 

One, Two, Three, Infinity—G. Gamov 
5. Matching and Counting, Big and Infinite. 

Number, the Language of Science—T. Dantzig 
6. Questions the natural numbers will not answer. 

But very old questions on measurement are not answered even in this ex- 
tended sense of number. The circle leads us to the oldest of those number no- 
tions which hold in themselves an entire “program of procedure.” 

Elementary Analysis—Kenneth O. May 
7. Maps, terrestrial and otherwise. 

Note: The mathematician extends the concept map too, and takes over the 
word for much wider use, just as he does with words like number and dimen- 
sion. 

The Round Earth on Flat Paper—National Geographic Society 
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8. Routes, Maps and Networks. 
9. Kepler (1571-1630). 

“It is no novelty to the history of Science that factors of thought which 
guided genius to its goal should be subsequently discarded. The names of Kep- 
ler and Maupertius at once occur in illustration.” A. N. Whitehead. 

10. On Measures of “How likely?” 
I. From an idea, to be checked against experience. 
Cardano, the Gambling Scholar—O. Ore 
11. On Measures of “How likely?” 

II. From what has happened, to form an idea. 

“Life is the art of drawing sufficient conclusions from insufficient prem- 
ises.” Samuel Butler 
12. On Ideas of Space, from knowledge of curves and surfaces. 

“Besides, what is common sense now was abstract reasoning with earlier 
ages.” S. T. Coleridge—A nima Poetae. 

What kind of space do we live in? We are at a grave disadvantage just be- 
cause we are in it! Men thought the earth was flat; how did they discover its 
shape? If we lived on a ring of Saturn, how would we find out the nature of our 
world? School geometry makes an orderly study of figures in a plane: of line and 
parallel, of circles with tangents from exterior points, of shortest distances. 
What happens to such theorems on a sphere? On a strip with a twist in it? 

We almost automatically study the surface and its surrounding space; your 
so-called plane geometry probably said, “Superpose the two triangles,” tacitly 
assuming you could turn one over! But geometry on a surface, stretching our 
imagination about flat-curved, closed-open, inside-outside, bounded-infinite, 
shows us many possibilities for two-dimensional worlds, each with its own geom- 
etry. What is more natural than to inquire about various kinds of three-dimen- 
sional worlds? 

13. Questions on Least and Most. 

Both kinds of questions: Is there a biggest? and How do I find it?—lead to 
and yield to the limit notion. 

14. Always? Sometimes? Never? 
15. What is Mathematics? 

“Civilization advances by extending the number of important operations 
which we can perform without thinking about them.” A. N. Whitehead. 

If the examples of mathematical activity discussed have served their pur- 
pose, they have shown in simple ways continual interplay: between rules to save 
thinking and reasons why the rules are safe; between exploiting the individual 
problem and deliberately losing it in generality; between cultivating the in- 
tuition and strengthening the natural human ability to abstract. They have 
shown how sensible, necessary and powerful is the devising of notation and vo- 
cabulary. They have borne on mathematics as a logical structure, mathematics 
as a tool of science, mathematics as a language. Perhaps they have given some 
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intimation that mathematics is one of the most deeply rooted expressions of 
human culture. 


4. In operation. 

(1) There was no rehearsal; studio time is expensive. The director was on 
the floor for half an hour before the stand-by signal, and particular points for 
the camera were settled then. This had the disadvantage of lower technical 
standard but the advantage of live first-hand talk, not to speak of time saved 
for the lecturer. When the same camera crew could be used, the camera men 
became interested and followed well. 

(2) There was a small blackboard, back of a small flat desk. Erasing a board 
is ugly and time-wasting; that space was kept for calculated use, to write nota- 
tion while I talked sentences or to develop figures where successive stages were 
illuminating. A small desk easel (actually a painted magnetic bulletin board) 
allowed me to work with charts and mounted materials such as advertisements 
and plates, or to make small drawings directly in front of me; in the close-up 
camera, these filled the screen. 

(3) Models, wall-paper and rubber tiles, a free-sphere globe (dulled with 
lacquer) a painted two-liter flask that served in three talks (e.g., Networks; on 
a sphere?) in fact, some variety of objects to be handled, helped focus and hold 
attention. Warning: These must remain accessories, not become distractions. 
Note: Your audience needs the occasional slackening of attention: plan this, 
deliberate and controlled. 

(4) The audience was warned and occasionally reminded that attention 
might break or they might be suddenly lost, but they were told this was a well- 
known phenomenon, not a judgment on them! The advice was: “Relax and stay 
with; the sentences may suddenly pick you up again. In any case, there is a 
three-minute end with some point of mathematical import stated carefully, 
serving to pinpoint the day’s undertaking.” 

(5) I made no attempt to learn a strict script, though I made a record of 
timed careful formulations and of gadgetry in the order needed. I did learn a 
strictly timed three-minute end, since signals were given at 3, 2, 1 minute to go 
and 30 second wind up, and I did prepare one section rigorously condensed but 
amenable to elaboration should the early part develop quickly. 

(6) To whom does one talk? I admit that had worried me. All of us who trust 
to thinking in front of our audiences, with preparation consisting largely of 
pre-thinking ourselves into the vocabulary from which they will listen but let- 
ting the idea run apparently free toward our own goals, know how important 
is the pull of the attentive minds. Believe it or not, the sending camera with 
its lens and its two red eyes (showing that it is the one on the air) is an indi- 
vidual to whom you talk, whom you convince, to whom you gesture and say— 
“You ..., ” a kind of Martian, I agree, but he serves. This alone is worth dis- 
covering. 
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(7) The preparation was demanding in time, in the very nature of the at- 
tempt; for me, it paid off doubly. It was of course satisfying to have a belief 
borne out, to find that there is a public for such attempts. An unexpected divi- 
dend showed up in the accompanying college work, which profited from the 
rigorous effort to state clearly and summarize soundly. 

(8) To the studio, response was more than satisfactory early in the game, 
helped by a pure piece of luck—that the microphone did not kill the live voice. 
My own first reports from outside the college came from former students, un- 
dergraduate and graduate, who watching at sets in student lounges or neigh- 
bors’ houses reported with almost unholy glee those who were caught to their 
own surprise. In January, when as an experiment two phones were announced 
at the end of the hour, seven of the eight calls I had time to take came from men; 
the studio (like us) had assumed that the audience was the so-called housewife. 
She is there, and don’t forget she is the mother of those students we want; she 
occasionally writes to say she talked with her husband about this world new to 
her but familiar to him. Recognizing your voice at the Postoffice, she may even 
give you more than you hoped for: “I knew mathematics was expert; I didn’t 
know it was profound.” But the range is great; from a cerebral palsy victim, now 
for the first time too old to have a teacher come to his home, typing out a care- 
ful request for texts, to lawyers, bankers and radio engineers who, in the course 
of the morning for one of a thousand reasons, turned a knob and finding mathe- 
matics by chance, stayed with it. The news of these drifts back still. Another 
kind of response comes: from Tennessee and West Virginia, from Georgia, Con- 
necticut and the West Coast, from teachers’ colleges, from faculty members im- 
portuned by local stations, from young men interested in the medium itself, the 
scattered notes and letters come asking what was tried and how it went. And 
over and over, from this year’s audience: “Are you going on?” It is not an opin- 
ion but a work to do, and it has a sure foundation best illustrated by another re- 
mark. 

The program was called “Invitation” and I had used Webster's definition: 
a drawing on, allurement, enticement. The drawing on was my concern; given 
half a chance, good mathematics would do the rest. In June when WFIL was far 
from my mind, there came one of those sudden reminders: “I followed your pro- 
gram and I remember how you ended .. . ‘that mathematics can and does en- 
tice people’; well, it did and it does.” 

Yes, it does. Why don’t we believe that and use it for our own purposes? 
The television camera is a powerful ally to the working mind. 


? 


ON THE DEFINITION OF AN ANALYTIC FUNCTION 
MAYNARD G. ARSOVE, University of Washington 


1. Introduction. From the point of view of facility in developing the theory 
it is convenient to call a complex function f analytic on an open set 2 provided 
the derivative f’ exists and is continuous on 2. However, the continuity require- 
ment on f’ becomes superfluous in the light of the Cauchy-Goursat theorem, 
and for this reason the latter is often regarded as essential to a first course in 
complex function theory. 

It is nevertheless true that conditions far weaker than the existence of f’ 
will suffice to ensure analyticity. Theorems of Besicovitch, Looman-Menchoff, 
Maker and others* present such conditions, but their proofs draw on real func- 
tion theory to such an extent that they are not generally considered germane 
to an introductory treatment of complex analysis. 

As a possible replacement for the Cauchy-Goursat theorem we suggest the 
following criterion for analyticity, very closely related to results of Besicovitch 
[2] and Looman [3]. It appears, in fact, as a special case of the more elaborate 
theorem of Looman-Menchoff-Saks-Besicovitch-Maker [4, pp. 266-267]. Al- 
though the elementary nature of the proof which we submit is due largely to an 
observation of Meier [5] (stated explicitly in §3), the most complicated part of 
Meier’s argument is avoided by the present hypotheses on f. 


THEOREM. Let f=u-+-iv be a continuous complex function defined on an open 
subset Q of the plane. If 


— f(z) 


(1) sup 


ts finite for all except perhaps a countable number of points z of 2, and 
(2) the Cauchy-Riemann equations 


ou dv Ou dv 
Ox ay oy Ox 
hold almost everywhere, 


then f is analytic on Q. 


In the proof it has not been possible to dispense altogether with material 
belonging properly to the domain of real function theory, but an attempt has 
been made to eliminate as much of this as possible. What remain are (i) the 
Lebesgue bounded convergence theorem and (ii) the following special case of 
the Baire category theorem: 


Lema. Let Q be an open set and F a non-empty subset closed in Q. If F is 
covered by seis F, (n=1, 2,---) closed in Q, then there exists a neighborhood 
w(CQ) and an index N such that Fy>FCWw+0. 


* See [2], [3], [4], [5], and in particular [6, pp. 195-201]. 
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Certainly (i) is a result which (if unfamiliar to the student) can be stated 
without proof, while (ii) is easily established by elementary methods. 
2. The areal mean functions. It is convenient to introduce the functions 


u, and v, obtained from u and », respectively, by averaging over squares of side 
1/n: 


Un(x, y) = n? f f u(x + s, y + é)dsdt, 
0 0 
(1) 
y) = n? f f v(x + s, y + é)dsdt. 
0 0 


These functions are defined on the open set 2, consisting of all points (x, y) for 
which the square [x, x+1/n]X [y, y+1/n] lies in Q. 

As is well known [6, pp. 178-179], the continuity of u and » results in con- 
tinuous differentiability of wu, and v,. In fact, a direct calculation yields 


OtUn(x, y) 


+ 1/n, y + — u(x, y + 


OUun(x, y) 


= wf [u(x +s, y+ 1/n) — u(x +s, y)]ds, 
oy 0 


and dv,/0x, 0v,/dy are given analogously. 

The motivation for considering the areal mean functions now becomes mani- 
fest with the observation that the theorem would follow at once if we could 
differentiate under the integral sign in (1). That is, the C’ functions u, and », 
would satisfy the Cauchy-Riemann equations, and the functions f,=u,+iv, 
would therefore be analytic; but, these functions clearly converge uniformly on 
compact subsets of Q to f, so that f would necessarily be analytic on Q. 

However, there is no justification a priori, for differentiating under the 
integral sign. To remedy this deficiency, we have recourse to an argument based 
on the lemma of §1. 

3. Proof of the theorem. Let F be the set of all points z of 2 such that f is 
not analytic on any neighborhood of z. Clearly, F is closed in Q, and f is analytic 
on 2— F. We shall assume that F is not empty and show that this leads to a con- 
tradiction. 

For positive integral n let F, be the set of all points z of Q such that 


|s—2| <1/n implies | —f()| 


It is obvious from the continuity of f that each F, is closed in 2. Also, every 
point z at which lim sup;., | fH) —f(z)| / |¢—s| is finite belongs to some F,, 
and the remaining points of 2 are contained in a set of the form U3_, E,, where 
each E,, consists of a single point. 


Inasmuch as the sets F, and E, in their aggregate cover Q, and a fortiori F, 


| 
| 
\ 


24 ON THE DEFINITION OF AN ANALYTIC FUNCTION [January 


there exists according to the lemma a neighborhood w intersecting F in a non- 
empty subset of one of the covering sets. This cannot occur for any of the cover- 
ing sets E,, in view of the fact that a continuous function analytic on a deleted 
neighborhood must actually be analytic on the full neighborhood. Hence, for 
some index NV, FyD FOw. 

There is no loss of generality in supposing that the center 2» of w belongs to 
F and that the radius ro of w is less than 1/N. At every point z of Fy(\w the 
inequality 


then holds for all ¢ on w. The following reasoning, due to Meier [5, p. 186], 
shows that this gives rise to the Lipschitz condition 


for all ¢, z on the neighborhood w’ of radius 79/2 about 20. 

First of all, we note that the inequality | i (z)| S2N is satisfied at all points 
z of w’ — F. This follows from the Cauchy integral formula,* since zo in F implies 
that some point 2’ of F lies on the boundary £ of the circle of analyticity of f 
about z and for p the radius of this circle 


2riJ — 2)? 


2r p 
Now, if the line segment v2 joining ¢ and z lies in w! =. F, an integration along 
this segment yields (2) directly. On the other hand, if ¢, zg intersects F in a point 
2’, then 


SN|¢-32'| +N|e’-2| =N|¢-=|, 


and (2) is verified in all cases. 
At this point we invoke the areal mean functions of §2, but for the region w’. 
Taking (x, y) on w, and h(+0) sufficiently close to 0, we find 


Un(x + h, y) Un(x, y) n(x, + h) y) 


h h 
=n 
0 0 h 


In the present situation the Lipschitz condition (2) ensures that the ab- 
solute value of the integrand cannot exceed 4N, and this permits us to employ 


* A simple limiting case of the weak form of the Cauchy integral formula will suffice here. 


4 


l, 

; 
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the Lebesgue bounded convergence theorem. Since the integrand, by hypothesis, 
converges to 0 almost everywhere on [0, 1/n]X[0, 1/n] as h-0, we obtain 


OUn 
on 
Ox oy 
Similarly 
OUn 
oy Ox 


Thus, for each » the function f, = u,+%v, is analytic on w, . These functions, 
moreover, converge uniformly to f on compact subsets of w’ and thereby con- 
fer their analyticity on f. Having arrived in this fashion at an obvious con- 
tradiction to the fact that 29 belongs to F, we conclude that f must be analytic 
throughout Q. 

4. Essentially the same methods can be used to establish the following 
variant of Theorem 1 of Besicovitch [2]. 


THEOREM. Let Q be an open subset of the plane and E(CQ) the union of count- 
ably many sets of zero length closed in Q. If f=u-+-iv is a bounded complex function 
on Q—E such that 


sup 


(1) ms Ks i is finite for z onQ — E, and 


(2) the Cauchy-Riemann equations u,=Vy, Uy= —v, hold almost everywhere on 
Q-E, 
then f can be extended so as to be analytic on Q. 


A discussion and proof of this result are given in [1]. 
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MATHEMATICAL NOTES 
EpitTep By F. A. FIcKEN, University of Tennessee 


> 
Material for this department should be sent to F. A. Ficken, University of Tennessee, 
Knoxville 16, Tenn. 


A REMARK ON STIRLING’S FORMULA 


HERBERT Rossins, Columbia University 


‘ We shall prove Stirling’s formula by showing that for »=1, 2, - - - 
(1) = ern 
where 7, satisfies the double inequality 
1 
(2) <n<—: 
12n+1 12n 
The usual textbook proofs replace the first inequality in (2) by the weaker in- 
equality 
or 
1 
< Tn. 
12n +6 
Proof. Let 


Su = log (n!) = log (p + 1) 


and write 
(3) log (p + 1) = Ap + bp — & 


where 


pti 
p= b, = Slog (p + 1) log 


pti 
anf log x dx — 3[log (p + 1) + log p]. 
Pp 


The partition (3) of log (p+1), regarded as the area of a rectangle with base 
(p, P+1) and height log (p+1), into a curvilinear area, a triangle, and a small f 
sliver* is suggested by the geometry of the curve y=log x. Then 


* Taken from G. Darmois, Statistique Mathématique, Paris, 1928, pp. 315-317. The only nov- i 
elty of the present note is the inequality (7) which permits the first part of the estimate (2). 4 
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n—1 


n n—1 
(4p + = f log x dx +} logn — >> &. 
p=l 1 p=l 


Since flog x dx =x log x —x we can write 


n—1 


(4) Sn = (n+ }) logn—n+1—) &, 
p=1 


where 


2 p 


Using the well known series 


log (—*) =2(2+= 424 
3 5 
valid for | x| <1, and setting x =(2p+1)-', so that (1+x)/(1—x) =(p+1)/p, we 
find that 

1 1 1 


We can therefore bound ¢€, above and below: 


(5) €p 


1 1 1 
1 1 
(2p + 1)? 


1 1 1 


1 1 1 
+ 1)? 1 al 1 1 
om 
3(2p + 1)? 


Now define 


p=1 


p=n 
where from (6) and (7) we have 


1 1 
(9) —<B<—-: 
13 12 


t 
i 
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Then we can write (4) in the form 
S, = (n+ 4) 
or, setting C=e!-8, as 
nl = ern 
where rf, is defined by (8), €, by (5), and from (6) and (7) we have 


< tf, < 
12n+ 1 12n 


The constant C, known from (9) to lie between e1!/!2 and e!?/!8, may be shown by 
one of the usual methods to have the value »/2z. This completes the proof. 

The preceding derivation was motivated by the geometrically suggestive par- 
tition (3). The editor has pointed out that the inequalities (6) and (7) permit the 
following brief proof* of (2). Let 


Un = 


Then the series 


1 n+1/2 1 1 


together with (6) and (7) yield the inequalities 
1 1 
12\n+— n+1+— Un+1 n 
12 1 
12\n n+1 


Hence 


Un = 12n 
increases and 
decreases, while 
Un < Wy = | 


Since 


= w, = 


* A modification of that attributed to Cesaro by A. Fisher, Mathematical theory of probabili- 
ties, New York, 1936, pp. 93-95. 
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it follows that 
= e<C<m, <C < 
Thus 
Un = Ce 


where 7, satisfies (2). 


ON RESTRICTED FUNCTIONS 
BurNETT MEYER, University of Arizona 


Let f(x) be a real function of a real variable defined on a set E. Let P bea 
point property of f. The function f is said to be peculiar with respect to the prop- 
erty P if there exists a partition of E into two subsets, EZ; and E2, each every- 
where dense in E, such that the property P holds at every point of E, and fails 
to hold at every point of E:. Functions peculiar with respect to continuity and 
differentiability are well known. 

In a recent paper [2], H. P. Thielman investigated two generalizations of 
continuity—neighborliness, a concept defined by Bledsoe [1], and cliquish- 
ness. He showed that, although there are functions peculiar with respect to con- 
tinuity, neighborliness, and differentiability, there exists no function which is 
peculiar with respect to cliquishness. It is the purpose of this note to define an- 
other point property which is similar to cliquishness in this respect. 

Let f(x) be defined on a set E, and let a be a limit point of E. The function 
f(x) is said to be restricted at the point a if lim sup... f(x) and lim inf,., f(x) are 
both finite. Otherwise, f(x) is said to be unrestricted at a. 

If a function is restricted (unrestricted) at each point of a set E, it is said to 
be restricted (unrestricted) on E. 

A function may be restricted on a set but not bounded on that set; the func- 
tion f(x) =1/x, defined on the open interval (0, 1), is such a function. 


THEOREM 1. Jf lim supz.. f(x) =+ © for all bEE and if a is a limit point of 
E, then lim supz.a f(x) = +0. 


Proof: Let M and 6 be arbitrary positive numbers. Let 6€E be such that 
0<|b—a| <6/2. Choose 6; so that 0<5,<|b—a|. Then, since lim sup...» f(x) 
= there exists cCE such that f(c)>M and |c—b| <6;. But 


|c—a| s|c—b| +] b-a| <a. 
Since M and 6 are arbitrary, lim sup... f(x) =+. 


Coro.uary. If f(x) is unrestricted on E and if a is a limit point of E, then f(x) 
ts unrestricted at a. 
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This follows immediately from the above and an analogous theorem for the 
limit inferior. 

THEOREM 2. If f is unrestricted on a set E,CE and if E, is everywhere dense in 
E, then f is unrestricted on E. 


THEOREM 3. Let f be defined on E, restricted on E,CE, and unrestricted on 
E,=E—£,. If E; is everywhere dense in E, then E, is nowhere dense. 


The proof is similar to that of Theorem II in [2]. 
Hence, there is no function peculiar with respect to restrictedness. Restrict- 
edness is also seen to be similar to cliquishness in the following theorem. 


THEOREM 4. Let f,(x) (n=1, 2,---) be restricted on a set E. Then f(x) 
=limn.ofn(x) may be unrestricted at every point of E. 


Let f(x) be defined on (0, 1) as follows: 


if x = p/q, p and q relatively prime positive integers, 
= 
0 if x irrational. 
It is easily seen that f(x) is unrestricted on (0, 1). 
However, consider the following sequence of functions, each defined on 
(0, 1): 


fel) ’ if x = p/q,q S n, pand q relatively prime positive integers, 
at) = 


0 otherwise. 
For all , f,(x) is restricted on (0, 1), and lim,... fa(x) =f(x). 


References 


1. Woodrow W. Bledsoe, Neighborly functions, Proc. Amer. Math. Soc., vol. 3, 1952, pp. 
114-115. 
2. H. P. Thielman, Types of functions, this MONTHLY, vol. 60, 1953, pp. 156-161. 


A NOTE ON EXTREME POINTS* 
V. L. KLEE, University of Washington 


Since the advent in 1940 of the Krein-Milman theorem [5], the subject of 


extreme points of convex sets has steadily grown in importance. We contribute 
here three remarks which, though easily proved, appear to be new and inter- 
esting. It is established, in particular, that every metric space can be isometri- 
cally obtained as the set of all extreme points of a convex set (in some normed 
linear space), and that every compact metric space can be topologically obtained 
as the set of all extreme points of a compact convex set. As the main tool in 


* Sponsored by the Office of Ordnance Research, U. S. Army, under Contract DA-04-200- 
ORD-292. 
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proving the first of these statements, we have 


THEOREM 1. Suppose S is a subset of a linear space, C=conv S (the convex hull 
of S), and peC. Then the following assertions are equivalent: (i) p is an extreme 
point of C; (ii) if FCC and peconv F, then peF; (iii) if GCS and peconv G, then 
peG. 


Proof. That (i) implies (ii) is established by Bourbaki [2; p. 81]. That (ii) 
implies (iii) is obvious. It remains to show that (iii) implies (i). To this end, 
consider an arbitrary expression of p in the form p=ax+ fy with x, yeC, a, 
Be]0, 1[, and ¢+8=1. We must show that x = y. Since C=conv S, there are posi- 
tive integers r and s, positive numbers a; and b;, and points u; and »; of S such that 
a:=1= bi, x= and y= We may assume without loss of 
generality that there is a non-negative integer k Sr such that u;=v; for 1SiSk 
and the set {u;: 1SiSr}U{v;: consists of t=r+s—k distinct 
points. Now let w;=u,; and c;=aa;+6b; for 1SiSk, and c;=aa; for 
k+1SiSr, and for r+1Si St. It is easily verified that 
cs=1and whence from (iii) it follows that p=w; for some j. If 
cj#1 we have p= Duisie, ixj[ci/(1—c;)] wi, whence by (iii) there is an m¥j 
for which p=w,,. Since the w,’s are pairwise distinct, this is impossible, and thus 
c;=1. From this it follows that 157 <k and a;=1=);, whence x =u;=y and the 
proof is complete. 

Now suppose M is a metric space, the distance between points x and y of 
M being denoted by xy. CM will denote the Banach space of all bounded real- 
valued continuous functions g on M, with the usual ||g||=supzew|g(x)|. For 
each xeM, f, will denote the function {(y, xy): yeM } , so that f,(y) =xy for all 
yeM. A function T with domain M will be called a natural map of M provided 
either (i) M is bounded and T(x) =f, for each xeM; or (ii) there is a point peM 
such that T(x) =f.—f, for each xeM. 


THEOREM 2. Suppose M is a metric space and T is a natural map of M. Then T 
is an isometric transformation of M into CM, TM is relatively closed in conv TM, 
and TM is the set of all extreme points of conv TM. 


Proof. (With the last assertion omitted, this is well-known.) That T is an 
isometric transformation of M into CM follows from the argument of Kuratow- 
ski ((6; p. 543] and [7; p. 186]), and that TM is relatively closed in conv TM 
follows from the argument of Eilenberg and Wojdyslawski [7; p. 187]. Now con- 
sider arbitrary points x; of M and positive numbers a; such that >>? a;=1 and 
T (x0) = a; T(x). Then a:fz,, and since f.(xo) =0 it follows that 
f, (x0) =0 for each i, whence x;=o. Thus, by (1), TM is the set of all extreme 
points of conv TM. 

The paper [1] contains a result related to Theorem 2: If M is a metric space, 
then M is homeomor phic with a linearly independent subset of CM. 

Extreme points of compact convex sets are of special interest. If M is a com- 
pact metric space, T is a natural map of M, and K is the convex hull of TM, 
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it can be verified that cl K is compact and {extreme points of cl K} CTM = {ex- 
treme points of K}. However, we do not know that every point of TM is an ex- 
treme point of cl K, and hence do not know that every compact metric space is 
isometric with the set of all extreme points of some compact convex set. In any 
case, the following result is easily established. 


THEOREM 3. If M is a compact metric space and E is an infinite-dimensional 
Banach space, then there is a compact convex subset of E whose set of extreme points 
4s homeomorphic with M. 


Proof. We assume without loss of generality that E is separable. It then fol- 
lows from a theorem of Clarkson [3; p. 413] that E is linearly homeomorphic 
with a strictly convex Banach space, so we may as well assume that E itself is 
strictly convex, i.e., that every point of the unit sphere S= {x: ||x||=1} is an 
extreme point of S. Let H be a hyperplane in E which misses the origin. As 
is well-known, M must be homeomorphic with a subset of Hilbert space, and 
since all infinite-dimensional separable Banach spaces are of the same dimen- 
sion-type [4; (1.4) ], it follows that H contains a homeomorph M’ of M. Now 
let g= { (x, x/||x||): xeM’} and let K be the closed convex hull of gM’. Then g 
is a homeomorphism of M’ into S, K is compact [2; p. 81], gM’ includes ail ex- 
treme points of K [2; p. 84], and KCC={x: |x|| <1}. Furthermore, gM’CS 
and every point of S is an extreme point of C, so every point of gM’ is an ex- 
treme point of K. The proof is complete. 
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ELEMENTARY PROOF THAT e IS NOT QUADRATICALLY ALGEBRAIC 
S. Beatty, University of Toronto 


We propose to indicate how the elementary means employed by Pennisi* to 
show that e is not rational can be applied to prove that e is not quadratically 
algebraic, or, in other words, that 


(1) ae? +be+c=0 


* Pennisi, L. L., Elementary proof that e is irrational, this MONTHLY, 1953, vol. 60, p. 474. 
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is impossible, for a, b, and c integral but not all zero. 
From the series for e and 1/e, it appears that 


(2) e(n!) = I+——» for all positive integers n, 
n+ 0 
1 
3 e(n!) = J +————_ for all odd, positive integers n, 
(3) (n!) po: g 


where J and J are integers and @ and ¢ proper fractions, all four depending on n 
for their actual values. It is only necessary to verify that the value of 


1 

is of the form 1/(n+6), while the value of 
1 


is of the form 1/(n+1+). Taking m odd from here on, and substituting (2) 
and (3) in the equation obtained from (1) by multiplying its left side by e~'(n!), 
we see that 


+ 
n+0 n+1+¢ 


must be an integer, which integer must be zero, indeed, for m sufficiently large. 
This implies, in turn, that a++-c must be zero and that @ and 1+ must be equal, 
since, by hypothesis, a and ¢ cannot be zero themselves. To say, however, that 
6 and 1+¢ are equal is absurd, seeing that unity lies between them. 


CLASSROOM NOTES 
EpiTEp By G. B. THomas, Massachusetts Institute of Technology 


All material for this department should be sent to G. B. Thomas, Department of Mathe- 
matics, Massachusetts Institute of Technology, Cambridge 39, Mass. 


A NOTE ON NEWTON-COTES QUADRATURE FORMULAS 
Morris Morpucnow, Polytechnic Institute of Brooklyn 


It is well known that Simpson’s 1/3 Rule for numerical integration, which is 
based on approximating the integrand by a parabola or a series of parabolic 
arcs, gives the exact result when the integrand is a polynomial of third degree. 
This somewhat curious fact is actually a special case of the more general 
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theorem that the Newton-Cotes quadrature formulas, i.e., the integration for- 
mulas based on fitting a polynomial of mth degree to the integrand f(x) by re- 
quiring that the polynomial assume exactly the values of the integrand at 
(n+1) uniformly spaced points in the interval of integration, give exact results 
when f(x) is a polynomial of (7+1)th degree (or lower) provided that 7 is even. 
Although this theorem is stated, for example, by Milne,* no simple proof appears 
available in the literature, even for the special case of m=2. One method, for 
example, of proving this theorem is by an analysis of the remainders, f but such 
proofs are usually rather indirect and involved, especially for general nm. In the 
classroom the author has found, in fact, immediately after showing that the re- 
mainder in Simpson's 1/3 Rule is proportioned to f‘(x) and stating that hence 
Simpson’s Rule must be exact when f(x) is a cubic, that it is usually the better 
students who either raise questions as to just why this is so or actually remain 
skeptical regarding the truth of this theorem. 

The purpose of this note is to furnish a simple proof of the general theorem 
stated above. The general theorem can be proven by first noting that if ¢(x) is 


a polynomial of mth degree such that $(xo+ih) =y; (¢=0, 1, 2, m), then 
zotnh n u(u oan 1) 
f o(x)dx = nf (» + uAyo + — 
Zo 0 
1 
(1) 1)(u — 2) - 
n! 


where u = (x —2o)/h and A*yo denotes the kth differencesff of the y;. In numerical 
integration, the actual integrand f(x) is replaced by $(x), while y;=f(xo+ih). 
Equation (1) is essentially an integration of Newton’s Forward Interpolation 
Formula, which is derived in a simple manner in Scarborough’s book. § Suppose, 
now, that m is even. It is then desired to prove that if f(x) is a polynomial of 
(n+1)th degree, then 


zotnh zrotnh 
(2) f = f $(2)dx 


zo z0 


exactly. We note that Equation (2) would necessarily have to be satisfied if 
(x) were replaced by ¥(x), a polynomial of (w+1)th degree satisfying the rela- 


tions ¥(xo+ih) =f(xo+ih), 1, - +--+, (n+1). But from (1), 
zotnh zotnh h 
= 
y(x)dx o(x)dx + A 


* W. E. Milne, Numerical Calculus, Princeton University Press, 1949, p. 124. 

t Cf., e.g., W. E. Milne, op. cit., pp. 108-124. Also, for »=2, J. B. Scarborough, Numerical 
Mathematical Analysis, Johns Hopkins Press, Second Edition, 1950, pp. 174-176. 

tt Avo=91— Yo, = AY: —Ayo= (¥2— Mi) — (11 — Yo) =H2— 2M +H0, A*¥o= — +391 —Yo, 

§ Op. cit., pp. 61-63. 
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where 


A= f uu 2) (w= 


By letting u=n—v, du= —dz1, it is readily found that if m iseven,* then A = —A. 
Hence, A =0 and consequently, Equation (2) must hold, and the proof is com- 
plete. 

The author hereby expresses his thanks to Professor R. M. Foster for his 
valuable discussions. 


NOTE ON LINEAR INTERPOLATION ERROR 
C. L. SEEBECK, JR., University of Alabama 


Although linear interpolation is probably the most widely used approximat- 
ing procedure, bounds for error are seldom given even to engineering students. 
Until recently, the derivation of such bounds has been available only to experts 
in the field of finite differences and the information has been buried in the no- 
tation peculiar to this subject. The following derivation of error term uses only 
Taylor’s series with remainder. 

Let y=f(x) and its first two derivatives be continuous in the interpolation 
interval x» Also let 


(1) y=I(x) 
where 


(x1 — x)yo + (x — xo) 


Xo 


I(x) = 


is the interpolated value, E is the error due to interpolation, and yo=f(xo), 


yn =f(m). 

Now by Taylor’s expansion 
(2) yo= y+ y'(xo — x) + Ro 
(3) +R 


where 7=0,1, and x» m1. 
Multiplying (2) by (x,:—<x), (3) by (x—x»o), and summing gives 


(4) (x1 — x)yo + (x — = — Xo) + (m1 — x) Ro + (x — xo) Ri. 


* If m is odd, then only the identity A =A is obtained. 
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Dividing by (x1—%o9) gives (1) where 
(x x)Ro + (x xo) Ri 


%1— Xo 


E= 


or 


(5) E = — — xo) . 


+ 
%o 


a 


a- 
This formula gives slightly sharper bounds than the usual one 
(6) E = — x)(x — xo)f’’(6), 


Equation (6) may be obtained from (5) as follows. The bracketed expression 
in (5) is the weighted average of f’’(@o) and f’’(@:) and has a value between these 
two. But f’’(x) is continuous and must take on this value at some point 6 be- 
tween 69 and @;. Equation (6) follows. 

A relation between the errors for direct and inverse interpolation may be ob- 
tained as follows. Equation (4) may be written (x1—x)yo-+(x—%o)91 = y(x1—X0) 
+E(x1—%0). Subtracting xyyo—xoy: from both sides and regrouping terms gives 


— yo)e = — + (y — + E(x — x0) 
whence 
— Xo 
yi — Yo 
It may be noted that in practice (5) is superior to (6) only if f’’(x) is easily 


bounded in the intervals [xo, x], and [x, x:] such as for log x. Otherwise (6) is 
preferable due to its simplicity. 


Other bounds of error are given by Kowalewski* and Hummel.f The former 
gives 


E(x) = — 2) + — %0)(m — %) 


— — Xo 


x=I(y)—E, where E=—E 


from which (5) may be derived directly using the integral law of the mean. The 
latter gives the remarkably close bounds 


— x)(x — x 


(x — x0)? 


[f(m) — — (a1 — ] 


(m — 2)(2 — 
— 2x0)? 


but these are not quite as easily derived as (5). 


lA 


* Interpolation und Genaherte Quadratur, Kowalewski, 1932, p. 25. 
¢ The accuracy of linear interpolation; P. M. Hummel, this MONTHLY, vol. 53, 1946, pp. 364- 
366. 
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ASYMMETRICAL DISTRIBUTIONS WITH ZERO THIRD MOMENTS 
J. M. ELxm, Illinois Institute of Technology 


A point about the third moment often confuses beginning students in Sta- 
tistics. Every textbook in the subject mentions the fact that the third moment 
about the mean of a symmetrical distribution is zero. Sometimes the reader is 
cautioned that the converse is not necessarily true, i.e., even an asymmetrical 
distribution may have a zero third moment (see Hoel, Introduction to Mathe- 
matical Statistics, p. 15, Johnson and Tetley, Statistics, Vol. 1, p. 71, and Mood, 
Introduction to the Theory of Statistics, p. 97, the second giving a simple discrete 
distribution as an example, and the third, a picture of an asymmetrical continu- 
ous distribution, but without its equation). Usually, however, the point is over- 
looked and the student is left to assume that the converse is necessarily true. 
Kendall (Advanced Theory of Statistics, Vol. 1, p. 81) says that “the size of 
ps relative to p,*/? (or ~/B:) will indicate the extent of the departure from sym- 
metry,” which implies that if u3=0 there is no departure. Croxton and Cowden 
(Applied General Statistics, p. 255) state explicitly that “the third moment 
about the mean is not zero unless the distribution is symmetrical about the 
mean,” and a similar incorrect remark appears in Smith and Duncan (Elemen- 
tary Statistics and Applications, p. 191). 

Students to whom the subject is mentioned often express a desire to see 
how an asymmetrical distribution with a zero third moment can be constructed, 
especially a continuous one with a relatively simple expression for the proba- 
bility density.* The following example will enable the student to satisfy him- 
self that he can construct a number of them without too much difficulty. 

Start with the probability density 


0 


f(x) = ax (-<s=s0) 


(x 20) 


and determine ¢;, C2, and c; from the conditions: 


area = 1, mean = 0 (for convenience), third moment = 0. 
Thus, 


Cy 


+ata=1 
2¢2 


* It has been pointed out that I. W. Burr, Cumulative frequency functions, Ann. Math. Stat., 
vol. 13, 1942, pp. 215-232, gives a whole series of such densities, of which the following is typical: 
f(x) =0(x <0), f(x) = [3(6.96)x5-]/(1 +2*-%)4(x2>0). It would be difficult, however, to show a class 
that this does have a zero moment. 
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3 
ia = 2¢3 z= ( 
— — 64, — 24c, = 0. 
20c4 
These equations yield the solution 
12 
= 
a? + 6a + 6 
12 
Ce = 
a(a? + 6a + 6) 
— 6 
= 
a? + 6a + 6 


where 


a = V20+2V70; ine, c = .152, ce = .025, cs = .389. 


Not every start will prove as fruitful as this illustration. For example, if 
we try 


(1 + (x 0) 


Ie) = + (« = 0) 


the same procedure produces a negative value for cs. Thus, since its right hand 
tail dips below the axis, f(x) cannot serve as a probability density. 


THE GEOMETRIC SIGNIFICANCE OF THE STANDARD DEVIATION AND 
COEFFICIENT OF VARIATION 


P. B. Jonnson, Occidental College and Haverford College 


The following interpretation of the standard deviation of a set of readings is 
intended to meet a problem which has bothered the author for years. Beginning 
students believe that taking the sum of the absolute deviations from a mean is 
an easier operation than taking the sum of the squares of the deviations. They 
do not yet know advanced theory. The notion of a standard deviation leaves 
them cold, and appears like a forced and unpredictable torture used by people 
who only want to do things the hard way. The moment of inertia analogy from 
physics helps some, but also leaves them cold, since they frequently don’t have 
a feeling for physics. While the following theorem involves n-dimensions (per- 
haps even harder a notion to grasp than the moment of inertia) it does show that 
the standard deviation is a direct measure, of tape-measure directness, of the 
failure of the readings x1, x2, - + - , x, to be equal. 


Ree 

: 

. 
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Regard x1, %2,- ++, X, as the coordinates of a point X in m dimensional 
euclidean space with rectangular cartesian coordinates, say y1, ye, - °°, Yn. Let 
V be the “units” vector with coordinates (1, 1, - - -, 1). Then 


THEOREM 1: The standard deviation is the distance of the point X from the line 
yi=Yo= +++ =Yn, measured in units equal to the length of V. 


Proof. We recall that the dot product of two vectors A and B gives 
(1) A-B = ab; + +--+ + and, = | Al | cose 


where A is the vector from the origin to the point a;, a2,---, a». |A| is the 
length of A, similarly for |B| , and 6 is the angle between A and B. 


Let U be the unit vector in the direction of the line y:=y2= - - + =n, with 
coordinates (1/+/n, 1/+/n, 1/+/n). Let X be the vector with coordinates 
(x1, X2, X3, ° * * » Xn). The standard deviation, s, is given by 

2 
(> x) 
(2) 
n 


Recalling |v| 2=mn, we may write (2) in the form 
(3) = X-X — (K-U)? = — cos’ = |X|? = | 


In Figure 1, P is the projection of X on the line y:=y2= - - - =p. | XP| is the 
distance from X to P. From (3), taking square roots, 


| xP| 
Iv| 


(4) 


which is the conclusion of the theorem. 
THEOREM 2. The coefficient of variation is the tangent of angle @ in Figure 1. 


X 


U 
Fic. 1 


Proof. The distance |oP| = X-U= The coefficient of variation 
=ns/>ox=|XP|/|OP| =tan 


| 
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ELEMENTARY PROBLEMS AND SOLUTIONS 
EpitEp By Howarp EvEs, University of Maine 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, University of Maine, Orono, Maine. This department wel- 
comes problems believed to be new, and demanding no tools beyond those ordinarily furnished 
in the first two years of college mathematics. To facilitate their consideration, solutions should 
be submitted on separate, signed sheets, within three months after publication of problems. 


PROBLEMS FOR SOLUTION 
E 1146. Proposed by P. B. Johnson, Occidental College and Haverford College 


Show that any rectangle whose edges and diagonal are measured in integers 
can be made the base of a rectangular parallelopiped whose three edges and main 
diagonal are measured in integers. 


E 1147. Proposed by E. P. Starke, Rutgers University 


If cos @ is rational (0<a<z), prove there are infinitely many triangles with 
integer sides having a as one angle. In particular, given cos a=1/s, find a three- 
parameter solution for the sides a, ), c. 


E 1148. Proposed by Victor Thébault, Tennie, Sarthe, France 
Let a, b, c be arbitrary points on the sides BC, CA, AB of triangle ABC, and 


let A’, B’, C’ be the reflections of A, B, C in the midpoints of the segments bc, 
ca, ab. Show that triangles abc and A’B’C’ have equal areas. 


E 1149. Proposed by A. S. Gregory, University of Illinois 


For each n=1, 2,--- find the least positive integer which when added to 
2" yields a perfect square. 


E 1150. Proposed by Frank Hawthorne, Hofstra College 


If three points are selected at random in a rectangle A X2A, what is the prob- 
ability that the triangle so determined is obtuse? 


SOLUTIONS 
The Counterfeiters of Lower Slobbovia 


E 1096 [1954, 46, 472]. Proposed by L. R. Ford, Jr., The RAND Corpora- 
tion, Santa Monica, Calif. 


As is well known, Lower Slobbovia is too poor a country to afford its own 
mint. There are N coiners engaged in making Rasbuckniks, the local currency, 
to government specifications. However it is suspected that some of them may be 
counterfeiting by introducing some base metal into the alloy. Any pair of coun- 
terfeits will weigh the same, although slightly different from the weight of a 
good coin. Each coiner produces either all good coins or all counterfeits. With 
one guaranteed good coin, a set of infinitely refinable weights, a beam balance, 
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and as many coins from each coiner as may be needed, determine in three weigh- 
ings whether any of the coiners is dishonest, and which ones. 


II. Solution by John Selfridge, University of California at Los Angeles. The 
recent solution [1954, 473] of this problem will give the correct answer if all 
the dishonest coiners are among the first 6, or if it is known that there are 
at most 3 dishonest coiners. If the ith coiner is dishonest for i=1, 3 and 7, or 
for 1=3, 4, 5, and 7, or for i=1, 2, 5, 6, and 7, then the ratio D’/D is 23; that is, 
in general the integer S is not unique. 

To correct this, proceed as in the above solution for the first two weighings. 
Then if D#0 take (¢—1)(t—1)! coins from the ith coiner, determine the total 
weight 7’, and compute D’ = T’—(N!—1) W,. If D’=0 only the first coiner is dis- 
honest. If D’#0 select the largest m such that (n—1i)!—(1/n) SD’/D, and then 
find the largest k such that D’/DS(n!—1)/k. It follows that there are k dis- 
honest coiners, the number of coins taken from these for the third weighing was 
kD’'/D, and this is a unique sum of k numbers of the form(i—1)(¢—1)! so that 
we tell which coiners are dishonest. 


III. Solution by Leonard Carlitz, Duke University. Number the coiners 
1, 2,---+-, N in some manner and assume the counterfeiters are numbered 
t< +++ <im, mSN. Let the weight of the good coin be 1 (first weighing). Sec- 
ond, take one coin from each coiner; if we let 1—e be the weight of a counterfeit 
coin, then this weighing gives N —me and the discrepancy is D=me. Next, if 
p>WN, but otherwise arbitrary, take p‘ coins from the ith coiner; this weighing 
gives the discrepancy 


= (pit +--+ pime. 
Now the equation 
k= pim)/m, < p), 
determines m, i, - - - , im uniquely for fixed k. For assume 
pi)/m = (pitt + 
with nS N<pandji< <j,. Then 
n(pt +--+ + pim) = + pin), 


Since the decimal representation of an integer to the base p is unique it follows 
that m=n, + tm=Jm- 


Concerning Pandiagonal Heterosquares 
E 1116 [1954, 345]. Proposed by C. W. Trigg, Los Angeles City College 


We define a pandiagonal heterosquare as a square array of the first m* posi- 
tive integers, so arranged that no two of the rows, columns, and diagonals 


: 
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(broken as well as straight) have the same sum. Is there any m for which these 
4n sums are consecutive numbers? 


Solution by D. C. B. Marsh, University of Colorado. In summing rows, col- 
umns, and diagonals of such an array, each integer would be counted four times; 
the sum of all such sums is therefore 4[”?(n?+1)/2], or 2n?(n?+1). If there were 
a least integral sum k such that the 4m sums ranged from k to k+4n—1 consecu- 
tively, the grand total would also be given by 2n(2k+4n—1). Equating these 
two expressions and simplifying we have n(m?+1)=2k+4n—1. But the left 
side is always even whereas the right side is always odd. Hence k cannot exist, 
nor m such that the 4m sums are consecutive numbers. 

Also solved by W. E. Briggs, S. H. Eisman, A. L. Epstein, Michael Goldberg, 
R. K. Guy, A. R. Hyde, J. B. Muskat, Walter Penney, and the proposer. 


Construction of a Right Triangle 
E 1117 [1954, 345]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Construct a right triangle in which the legs and the altitude on the hypote- 
nuse can be taken as the sides of another right triangle. 


I. Solution by L. V. Mead, Montana School of Mines. Take an arbitrary line 
segment AB as the diameter of a semicircle. Let point D divide this diameter 
in mean and extreme ratio, so that AB/AD=AD/DB. Draw the perpendicular 
to AB at D intersecting the semicircle at C. Draw AC and BC, forming the 
inscribed right triangle ABC. Then, since AD and BC are both mean propor- 
tionals between the same two line segments AB and DB, AD=BC. Therefore 
the right triangle ADC has sides that are equal to the legs and altitude on the 
hypotenuse of the inscribed right triangle A BC. 


II. Solution by J. V. Pennington, Houston, Texas. Construct right triangle 
ABC having legs AB=2 and BC=1. Extend AC one unit to D. With A as cen- 
ter and AD as radius, draw arc DE to cut BC produced in E. Then ABE is the 
required triangle. For, if F is the foot of the perpendicular from B on AE, 
FB=V/2V/5—2, AB=2, EB=+/2/5+2, whence (EB)?=(FB)?+(AB)?. 

Also solved by Leon Bankoff, R. J. Beeber, Hiiseyim Demir, Monte Dern- 
ham, I. A. Dodes, William Douglas, S. H. Eisman, E. I. Gale, Michael Goldberg, 
Louisa Grinstein, R. K. Guy, H. J. Hauer, Vern Hoggatt, R. T. Hood, J. P. 
Hoyt, A. R. Hyde, M. S. Klamkin, Sam Kravitz, Josef Langr, D. C. B. Marsh, 
George Mott, C. S. Ogilvy, M. J. Pascual, Walter Penney, L. L. Pennisi and 
M. C. Scholomiti (jointly), L. A. Ringenberg, Azriel Rosenfeld, N. Shklov, R. P. 
Tapscott, C. W. Trigg, Chih-yi Wang, and the proposer. 

It can be shown that all right triangles having the desired property are simi- 
lar. Evidently the triangle formed by the legs and the altitude has the same 
property as the original triangle. 
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Permutations and Permutable Transpositions 
E 1118 [1954, 345]. Proposed by Joel Brenner, State College of Washington 
Let us say a permutation is of type T if it is a product of mutually permuta- 


ble transpositions. Is every permutation p a product of two permutations of 
type T? 


Solution by the Proposer. lf the permutations are of a finite set, the answer 
is yes. Since any pair of transpositions with all four elements distinct permute, 
and since any permutation of a finite set can be expressed as the product of dis- 
joint cycles, it suffices to exhibit the following decomposition of a cycle of m ele- 
ments: 


(12---n) =R-S, 
where 
R = (12)(3m)(4, m — 1) -- ([(m + 2)/2], [(n + 5)/2]), 
S = (13)(4n)(5, — 1) - - ([(n + 3)/2], + 6)/2]). 


Also solved by D. C. B. Marsh and Walter Penney. 


The Tac-Locus of Two Parabolic Pencils of Circles 
E 1119 [1954, 345]. Proposed by L. C. Graue, Sacramento State College 


Consider two families of circles, one tangent at the origin to the x-axis and 
the other tangent at the point (1, 1) to a line of slope m. Find the locus of the 
points of tangency of the two families. 


Editorial Note. This is the same as problem E 1112 [1954, 259], solutions to 
which have already appeared. By an oversight the problem was published a 
second time. 


Square Roots of Binomial Surds 
E 1120 [1954, 345]. Proposed by W. B. Carver, Cornell University 


(a) A student working a numerical problem gets the result 


59V90 — + 4V4555 + 1721/7, 
but he finds the answer in the book, which happens to be correct, is 


145V 26 + 2/7. 


Show that the student’s result is correct. 
(b) Find all sets of integers k, R, S, T, A, B, C, D, E, F which satisfy the 
equation 


RVA + BVE+ SVC + DVk + TVE + FVk = 0, 
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with k>0 and having no square factors, A+B/k>0, C+DVk>0, E+FVk 
>0, and the radicals meaning in all cases the positive square root. 


Solution by Leonard Carlitz, Duke University. We shall prove the following 
slightly more general result. Let k be a square-free rational integer #1 and con- 
sider the equation 


(1) + + = 0, 


where 4, 2, w are rational and a, 6, y are numbers of the field R(./k); thus 
a=:+42Vk, a1, d2 rational, etc. Transposing the third term and squaring we 
get 


ura + + = 
Thus af is a square of R(+/k); similarly for By and ya. But this implies 


(2) a:Biy = 
where A, pu, v are in R(+/k). Then (1) becomes 
(3) ur + oe + wy = 0. 


Conversely, if (3) is satisfied and a, 8, y satisfy (2), then (1) will hold. Hence a 
necessary and sufficient condition that (1) holds is that (2) be satisfied. 
As for the special numerical problem, we have 


90 — 14/7 7/7 _ 68+/7 (2 
9 


6432/7) 14+ 77 81 
4555 + 1721/7 _ 47168 + 178184/7 (= + 
6+2/7 324 18 


Since 


59117 — 2\/7) 4(151 + 59/7) 1305 


9 18 


the student’s result is indeed correct. 
Also solved by F. J. Duarte and Walter Penney. 
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ADVANCED PROBLEMS AND SOLUTIONS 
EpiTep By E. P. Starke, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten 
with double spacing and margins at least one inch wide. Problems containing results believed 
to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
known textbooks or results in readily accessible sources should not be proposed for this de- 
partment. 


PROBLEMS FOR SOLUTION 
4618. Proposed by A. Oppenheim, University of Malaya, Singapore 
A=(aix), B=(bx) are two non-negative definite Hermitian matrices of 
order n. C, is the matrix whose elements are a3. +)§. If a, b, c, are the determinants 
of A, B, C,, prove that c,2(a+b)". 


4619. Proposed by V. F. Ivanoff, San Francisco, California 


Let L;,i=1, 2, ---, 5, be five lines in space. Denote the angle between L; 
and L; by (ij). Prove that the determinant 


| sin =0 


4620. Proposed by Herman Hanisch, New York University 


Evaluate 


4621. Proposed by Victor Thébault, Tennie, Sarthe, France 


For each of the following equations 
x(3x + 1)(6x + 1) = k=1,2,---,6, 
find the solutions in positive integers or prove it insoluble. 


4622. Proposed by Harry Furstenberg, New York City 


Let r be any positive integer and let i=r,r+1,---,mandj=1,2,---,r. 
Prove 


i,j 


1 
lim — lo (1-—_) 
n+j 
5 


4 
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SOLUTIONS 
Distinct Elements in a Set of Sums 


4466 [1951, 703]. Proposed by Leo Moser, University of Alberta 
Let 


and suppose that a;+b;=1 is not solvable. Prove that if the mn numbers a;+); 
are reduced (mod 1) then at least m+-n—1 of the residues will be distinct. 


Solution by Peter Scherk, University of Saskatchewan. The problem can be 
reformulated as follows: Let G denote the additive group of real numbers (mod 
1). Let A and B denote finite subsets of G. The set A+B consists of all the ele- 
ments a+b where aCA, bCB. Let [A], - - - denote the number of elements of 
A,---.Suppose 0CA, 0CB; but a+b=0, aCA, bCB only if a=b=0. Then 


[4 + B] 2 [A] + [B] -1. 


This result can be established readily by means of a method of a paper by 
J. H. B. Kemperman and the author (Canadian Journal of Mathematics, v. 6, 
pp. 230-237). We prove it for any (finite or infinite) abelian group G. Our state- 
ment is obvious if [B]=1. Suppose it proved for [B] <n—1 and let [B]=n>1. 

Let 6CB, 6¥0. Then while Since [A+b]=[A], there are 
elements that lie in A +6 but not in A. Thus there exists an a9CA such that 


aq = ad + by ¢ A 
has solutions },;CB. Let Ai= and B,= {b,}. Since Bi, we have 
(1) 0 < [Ai] = [B:] < [B]. 


Let Az be the union of A with A, and let Bz be the complement of B, in B. Thus 
O0OCBCB and OCACA4Az:, 


and by (1), 
[Az] + [Bs] = [A] + [Ai] + [Be] 
(2) = [A] + [Bi] + [2B] 
= [A] + [8]. 
We will verify 
(3) 


and 


(4) 2 + bz = 0, a2 C Aa, C Be only if a = = 0. 
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Let Be. We need consider only the case d2=d9+6:CA1. 
Thus 


+ bz = (ao + bi) + be = (Go + bz) + hr. 


Since b,C Bs, the definition of B, implies a9+02CA. Thus (@o+2) +5: lies in 
A+B, hence in A+B. Also (a9+52) +b:=0 would imply which is impos- 
sible. This yields (3) and (4). 

Since [B:]<[B], our induction assumption implies 


(5) [As + Bs] = [Az] + [Be] — 1. 
Finally, (3), (5) and (2) yield 
[A + B] = [As + Bs] = [As] + [Bs] — 1 = [4] + [B] -1, 


which completes the proof. 


Special Case of Valiron’s Theorem 


4559 [1953, 631]. Proposed by Harry Pollard, Institute for Advanced Study, 
and Paul Erdés, University of Notre Dame 


Let 0<a, Sa, - - - and put 


F(y) = Il (1 +2). 


The necessary and sufficient condition for the convergence of 
“log F 
f g F(y) a 
1 y? 
is that 1/a, converges. 


Solution by R. P. Boas, Jr., Northwestern University. lf 0<a<1, we have 
the well known relation 


log (1+ = /(a sin ra). 
0 


(The integral can be evaluated by contour integration, or transformed into a 
beta function by integration by parts.) Hence 


f log = log (1 + 
0 n=0 0 


= > = / (a sin ra). 


The formal computation is justified because everything is positive and so the 
convergence of either side implies that of the other. Putting x'/*=, we see that 


4 

n=0 
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and 
0 n=0 


converge or diverge together, 0<a<1. The problem is the case a=}. 

Remark. The problem is a special case of Valiron’s theorem [Bull. Sci. Math. 
(2) 45, 258-270 (1921) |, according to which, if f(z) is an entire function of frac- 
tional order a with zeros z,, and M(r) =max |f(z)| for |z| =r, then 


f M(r)r-*"dr and > | zn |-* 
1 


converge or diverge together. Here f(z) = F(z"/*), 2, = —a2, M(r) =f(r). 

Also solved by W. E. Briggs, F. A. Ficken, J. D. Hill, A. E. Livingston, 
R. T. C. Smith, O. E. Stanaitis, Chih-yi Wang, J. E. Wilkins, Jr.,G. N. Wollan, 
and the Proposers. 


Integral Solutions of Inequalities 


4560 [1953, 631]. Proposed by L. J. Mordell, St. John’s College, Cambridge, 
England 


Prove that there are exactly (A+1)"*+!—A**! sets of m integers, x1, %2, 
Xn, which satisfy the inequalities 
<A, | SA, (r,s =1,2,+-+-,m), 
where J is a positive integer. 


Solution by W. J. Blundon, Memorial University of Newfoundland, St. Johns. 
If the elements of an ordered set x1, %2, + -°*,%, are chosen from distinct 
numbers (allowing repetitions), the number of possible distinct sets is k”. If a 
specified number (say, the largest) is to be included at least once, the number of 
distinct sets is k"—(k—1)*. 

Under the given restrictions on the x’s, divide the sets into mutually ex- 
clusive classes, each class being characterized by the size of its largest x,;. Let p 
be a non-negative integer, and let f(y) be the number of sets in the class in 
which the maximum x; of every set is y. Then clearly 


= p=0,1,2,---,A; 
= p+ 1)"-A-— p=1,2,3,---,d. 
Summing for all the classes, the number of possible sets is 


p=1 


Also solved by H. L. Alder, I. N. Baker, Leonard Carlitz, A. R. Hyde, 
J. B. Kelly, David Loev, and Michael Skalskyj. 
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Editorial Note. As noted by H. F. Mattson, if in the above discussion k* is 
replaced by (*) one gets 


md) 
nla —n+1)!_ 


as the number of sets of m distinct integers satisfying the inequalities. Here we 
agree that 1/m!=0 whenever m is negative. 


Finite Series 


4561 [1953, 632]. Proposed by M. S. Klamkin, Polytechnic Institute of Brook- 
lyn, New York 


Prove 


where S2,p= >.2_, 1/n?. 
Solution by Leonard Carlitz, Duke University. Let p be an arbitrary, fixed 
integer. For r=1, the proposed relation reduces to 


i+ 
Sot 


1)’ 


which is evidently true since 


on n(n + 1) + 1) n=1 n+1 


Assuming now that the stated result holds for r—1, we have 


1 > (r — 1)!n! n 1 P (r — 1)! 


n? & n(n +1)++-(n+7r) 


(r — 1)! [ 
= 
p 
This evidently completes the induction proof. 


Also solved by Harley Flanders, L. A. Fulk, A. E. Livingston, Ernst Trost, 
Chih-yi Wang, and the Proposer. 
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Five Mutually Orthogonal Spheres 
4611 [1954, 646]. Proposed by Victor Thébault, Tennie, Sarthe, France 


Given five spheres, if one of them is orthogonal to the four others, then the 
centers of the four are the vertices of an orthocentric tetrahedron whose ortho- 
center coincides with the center of the fifth sphere. 


Note by N. A. Court, University of Oklahoma. The statement of the theorem 
is inaccurate. It should read: Given five spheres, if every one of them is orthogonal 
to the four others, then the centers of any four spheres are the vertices of an ortho- 
centric tetrahedron whose orthocenter coincides with the center of the fifth sphere. 

But this is a well known proposition. See J. L. Coolidge, A Treatise on the 
Circle and the Sphere, Oxford, 1916, theorem 5, p. 257. Also N. A. Court, Modern 
Pure Solid Geometry, p. 275, art. 834. 

Also solved by Roscoe Woods. 


RECENT PUBLICATIONS 
EpiTeEp By E. P. Vance, Oberlin College 
All books for review should be sent directly to E. P. Vance, Oberlin College, Oberlin, Ohio 


Engineering Statistics and Quality Control. By I. W. Burr. New York, McGraw- 
Hill Book Co., Inc., 1953, xi+442 pages. $7.00. 


Professor Burr’s implicit thesis in this carefully written intermediate text 
in statistics is that engineers will use statistical training more directly in solving 
engineering problems than any other branch of “secular” mathematics. He 
defines statistics as the science which is concerned with problems involving 
chance variation. Chance variation becomes increasingly important as a science 
of measurement becomes more refined and as industry drives for closer and 
closer tolerances. 

Professor Burr does not treat statistics as a narrow subject of application of 
formula and technique for the solution of particular problems. Rather he con- 
ceives statistics as a way of thinking based upon the fundamentals of science, 
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an observational approach to problem analysis and solution. Statistics is a vital 
phase of industrial life because it involves a rational scientific approach ap- 
propriate to engineering investigation combined with methods and procedures 
for handling the data obtained from such investigation. 

Professor Burr conceives that the establishment of basic courses in statistics 
in the Engineering curriculum not as a narrow vocational subject as in the use 
of the slide rule and in the study of trigonometry, but rather as a broad, cul- 
tural, philosophical, rational background to engineering problems and their 
solutions. 

The topics included in the book are largely those that have become part of 
statistical quality control literature. These include the frequency distribution, 
the fundamental statistical measures of average and variability, normal curve 
control charts, probability, acceptance sampling by attributes and acceptance 
sampling by measurements. These topics cover essentially what the practicing 
engineer needs to know about statistical quality control. These are a funda- 
mental fabric upon which further study can be founded. 

Most examples in the book are drawn from the voluminous literature of 
quality control applications and from the author’s experience. Most of the 
examples aptly illustrate the theory that is presented. The examples used give 
the touch of reality to the statistical theory presented and illustrate more the 
manner of approach to similar problems rather than the solution of the problems 
presented. This in effect becomes a case study approach founded on adequate 
theory. The book includes sufficient mathematical notation and derivation to 
serve as a Satisfactory prerequisite for advanced courses. 

In the preface the author has explained his basic reasoning for using the no- 
tations followed by the American Standards Association and the American Soci- 
ety for Quality Control rather than the notations that have developed in the 
statistical literature. This is a matter of taste and judgment in which it is felt 
that the author has erred, but probably this will have no serious impairment on 
the use of the book for Engineering students. 

This reviewer feels that the notation in statistical quality control should 
conform with the larger and ever-increasing literature of mathematical sta- 
tistics, since statistical quality control has represented one of the fighting 
fronts upon which real problems of the world have been presented to the mathe- 
matical statisticians for solution. 

Professor Burr’s book is one written by a mathematician who sees in sta- 
tistics a scientific approach, a vehicle for mathematical reasoning, a necessary 
and successful tool for practical application and an indispensable part of the 
training of current generations. 

R. Passt, Jr. 
Bureau of Ordnance, Navy Department 
Washington, D. C. 
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First Course in Calculus by H. R. Cooley. New York, John Wiley and Sons, Inc., 
1954. 124643 pages. $6.00. 


Cooley’s book contains a number of features which the reviewer likes to see 
in a text for a first course in calculus. The author spends an unusual amount of 
time and effort leading the student to the concept of a limit and the concept of 
a derivative. After presenting some elementary applications of the latter, he 
turns his attention to the operation of inverse differentiation. In his discussion 
of this operation the author scrupulously avoids the term “integral” and the use 
of integral signs. The area problem is then presented, and areas are defined and 
evaluated by the process of taking the limit of a sum. This leads naturally to 
the definition of a definite integral. Several such integrals are evaluated by 
direct application of the definition. Finally, after defining the indefinite integral 
as a definite integral with a variable upper limit, the author proves the funda- 
mental theorem by applying the mean value theorem. The order of the principal 
topics and the notations and terminology are those which the reviewer has al- 
ways desired in a text of this kind, and the manner in which the student is led 
to each new basic concept is impressive. 

The ideas and operations mentioned in the above paragraph are presented 
“within the simple framework of algebraic functions.” This enables the student 
“to concentrate on the basic ideas without having to worry about extraneous 
details.” 

The portion of the text described above contains the usual elementary ap- 
plications of derivatives, inverse derivatives and definite integrals. In the 
opinion of the reviewer the subject of related rates deserves more attention than 
the author gives it. In contrast, the reviewer thinks that too much attention is 
devoted to curvilinear motion at this stage when the main goal is to present a 
number of elementary applications as rapidly as possible. 

The first part of the text is followed by one chapter on the trigonometric 
functions and their inverses and one chapter on the logarithmic and exponential 
functions. The logarithmic function is defined by means of an integral, and its 
properties are derived from this definition. (In a later chapter the author uses 
this same approach to the hyperbolic functions.) Since integrals are used fre- 
quently to define functions in higher mathematics, the author should be com- 
plimented for attempting to get the student accustomed to this type of defini- 
tion at this stage of development. 

The remainder of the book is devoted to the exposition of additional theo- 
retical material and to the applications of calculus to geometry and physics. 
For the most part the topics are those usually found in a text of this type. 

In setting up the definition of arc length the author uses tangents rather 
than chords. This practice simplifies the discussion and provides a useful analogy 
later when the area of a surface is treated. 

The chapter on improper integrals is quite good. An unusual feature is a sec- 
tion on simple tests for the convergence of improper integrals. 
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A short chapter is devoted to the subject of approximate integration. The re- 
viewer was pleased to see some statements about the errors which various 
formulas produce, as many texts fail to mention this important subject. 

The two chapters on series are preceded by a chapter on the approximation 
of functions by polynomials. In the opinion of the reviewer, this is the correct 
arrangement of these topics. In the chapters on series the author introduces the 
concept of uniform convergence and discusses its connection with the integra- 
tion and differentiation of series term by term. The reviewer believes that other 
parts of the chapters on series could be shortened to good advantage. If the inte- 
gral test were presented at an earlier point, certain other tests could be omitted 
and the discussion of certain series simplified. Moreover, the mere statement 
(without proof) of the Cauchy condition and of the theorem on bounded mono- 
tonic sequences seems appropriate at this stage of the student’s development. 

The last part of the book is devoted to functions of several variables and to 
the application of differentiation and integration to geometrical and physical 
problems in three dimensions. Multiple integrals and iterated integrals are care- 
fully defined and discussed. The fundamental theorems about the equality of 
such integrals are stated without proof. 

Cooley’s Calculus is a long book. It contains over six hundred pages, and the 
type is smaller than that used in most texts. The reviewer appreciated the extra 
length in the slow and painstaking development of the basic concepts and opera- 
tions. On the other hand, a more terse and pointed treatment would improve 
many of the discussions. 

The book contains an abundant supply of illustrative examples. Many of 
these deal with rather difficult problems which should interest the good student. 
(The reviewer wishes to point out that the solution of Example 1 on page 322 is 
not complete since all points of inflection are not found.) For the most part, 
the lists of exercises are adequate; however, the lists on pages 54, 58, 82, 114 and 
378 seem to be a bit short. 

The book is well-supplied with good figures. The use of dotted lines for the 
invisible parts of three-dimensional figures would make these easier to visualize. 

The author states that rigor is not a primary aim but that some readers have 
expressed the opinion that the book is more rigorous than most textbooks in the 
undergraduate field. The reviewer is inclined to join this group of readers. How- 
ever, in place of symbolic statements of the form lim,., f(x) = © or f(x), 
the reviewer prefers the statement that the limit fails to exist. Moreover, the 
reviewer objects violently to the author’s use of the usual form of the sym- 
metric equations of a line in three dimensions when one of the direction numbers 
is zero. Even though the author explains that the use is symbolic, many students 
will fail to appreciate this. 

The reviewer was disturbed by the complicated structure of many sentences 
in the book with principal clauses split asunder by the insertion of dependent 
clauses; by the constant use of dangling participles in the description of mathe- 
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matical operations; and by other violations of what the reviewer considers good 
usage. On the other hand, the reviewer has pointed out that the author does an 
excellent job of leading the student very slowly and very carefully to each new 
basic concept; that for the most part the selection and arrangement of topics is 
good; and that the standard of rigor is satisfactory. 

F. C. Smitu 

College of St. Thomas 


Introductory Calculus with Analytic Geometry. By E. G. Begle. New York, 
Henry Holt and Company. 1954. x+304 pp. $4.50. 


With new calculus books appearing each year, it is the rare instructor who 
has the time, the inclination, or the opportunity to examine all of them. Equally 
rare is the book which makes a real contribution to the understanding of cal- 
culus at the first year level. In the reviewer’s opinion Begle’s book does make 
such a contribution and should be examined carefully by all instructors of be- 
ginning calculus. This is not to say that this book is suitable for use in every 
institution or for all types of students. In his preface Begle states, “This text 
differs from most others in this field in that it treats calculus as a branch of 
mathematics rather than as a mere adjunct of the physical and engineering 
sciences. . . . We start with a list of axioms and show how the theorems of the 
calculus are derived from these axioms... . Our aim in presenting calculus in 
this fashion is to give the student more of an understanding of the basic concepts 
of the subject than is usually done in an introductory course.” Such a program 
implicitly assumes that the student is ready to learn to think rigorously; this 
demand may limit the effective use of the text to classes of greater than average 
ability. 

It is important to observe the concise style of the text. The author scrupu- 
lously avoids verbosity and repetition. The book thus serves as an excellent 
training ground for precise reading and logical reasoning. Definitions and 
theorems are clearly stated, all theorems are proved correctly, and the proofs 
are never intermingled with examples or discussion. Applications are used ex- 
pertly, sometimes to motivate and sometimes to illustrate the basic methods 
and theorems of the calculus. Many results which are interesting and useful, 
but not essential to the chain of reasoning, are included as problems, making 
the problem lists an integral part of the text. 

The book’s most significant departure from tradition arises from Begle’s 
careful treatment of functions and functional notation. Distinction is made 
between functions and functional values, and the distinction is preserved in the 
notations f and f(x). Arithmetic combinations of functions are denoted {f+g}, 
{fg}, etc., and a function of a function is denoted {f(g)}. The derivative of f is 
denoted Df or f’, and the notation df/dx is carefully withheld until after the 
properties of derivatives are developed and the Chain Theorem proved (cor- 
rectly, but with an unfortunate misprint). The definite integral is denoted 
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J2f, and again the usual notation is not introduced until the properties of the 
definite integral are established. 

The tenor of the book is set forth unmistakably in the first chapter, entitled 
Foundations and designed to show that algebra, like geometry, can be derived 
rigorously from a relatively short list of axioms. Direct and indirect proofs are 
used to establish many familiar properties of numbers, including ordering. The 
role of definitions in mathematics is brought out with the introduction of abso- 
lute value. The Least Upper Bound Axiom is also introduced, to be used later 
as the basis on which the principal theorems of the calculus are proved. 

Chapter 2 introduces plane analytic geometry, while Chapter 3 covers 
functions, limits, and continuity. Limits are defined precisely, and all necessary 
limit theorems are proved in detail. The student is not spared the pain of having 
to ponder the mysteries of 6 and e. Consequently those who assimilate Chapter 3 
are ready to understand calculus. The others probably can learn calculus. The 
next three chapters concern the derivative and its usual applications to physics 
and geometry. The Mean Value Theorem plays a central role in the proofs. 

The high point of the book comes with Begle’s careful presentation of the 
definite integral, which he motivates most reasonably by analyzing the two 
problems of measuring work and area. This leads naturally to a study of upper 
and lower integrals and to the definition of the integral as their common value. 
The Existence Theorem for the definite integral of a continuous function is 
proved, followed by the Fundamental Theorem and the Mean Value Theorem 
for integrals. Finally it is proved that this definition of the integral is equivalent 
to the usual limit definition. Integration techniques and applications are de- 
veloped further in Chapter 8. When using this text in a preliminary form, the 
reviewer was pleasantly surprised to find that many students enjoyed the rigor 
and clarity of this development in spite of its intricate details, and that the 
concept of the definite integral was unusually well understood. 

In Chapter 9 the logarithmic function is defined and studied as a definite 
integral. Then inverse functions are investigated, and the exponential function 
is obtained as the inverse of the logarithmic function. The final chapter concerns 
trigonometric functions. The functions are defined, the usual identities are 
developed, and the graphs are examined—all in one brief section which is 
certainly inadequate for anyone who is not already familiar with these notions. 
The inverse sine function is next established in integral form, from which its 
derivative and the derivatives of all trigonometric functions easily follow. This 
approach, while interesting, appears to be artificial and less effective than the 
usual development. 

The utility of the book to students would be increased by more generous 
use of figures as well as summary lists of differentiation and integration formulas 
at the ends of appropriate chapters. The problem lists are good, and some ex- 
ercises will challenge even the best students. Answers are given for selected 
problems. Only a few misprints were noted. 
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Since this is a one year text, instructors will naturally wonder what follow-up 
text can be used. The reviewer feels that this question, while important, is not 
paramount, simply because Begle’s treatment lays a firm foundation; students 
should have little difficulty in shifting to another text for subsequent study, 
whether their interest lies in engineering or analysis. Begle has set up a worth- 
while goal, has carefully chosen topics which lead thereto, and has accomplished 
his aim with remarkable success. 

D. T. FINKBEINER 
Kenyon College 


Differential and Integral Calculus. By Philip Franklin. New York, McGraw- 
Hill Book Company, Inc., 1953. 11+641 pages. $6.00. 


This is a substantial text in elementary calculus. It contains all the topics 
ordinarily included in a first course, many of them developed more fully than 
usual, and also a number of additional features. 

After a first chapter on limits, the derivative is introduced in connection with 
rates of change and applied in situations involving polynomials and other simple 
types of algebraic functions. Integration is brought in early, as the inverse of 
differentiation, but a full discussion comes much later in the book. After the 
first brief account of integration, derivatives of transcendental functions are 
obtained and applied to the usual types of problems in geometry and physics. 
Differentials are defined earlier but a chapter on them immediately precedes the 
discussion of the definite integral as the limit of a summation. Various methods 
of integration and applications to areas, volumes, arc lengths, centroids, mo- 
ments, pressure, and work follow. Infinite series, Taylor’s series, and partial 
differentiation are next. A chapter is devoted to vectors and three-dimensional 
analytic geometry in preparation for the work on multiple integrals. The book 
ends with an introduction to differential equations. 

Due to the practice of introducing only one new idea at a time, the develop- 
ment of the subject proceeds in an unhurried fashion. Each chapter is intro- 
duced by a brief summary at its beginning. Throughout the book there is a 
well balanced emphasis on applications. Topics which are especially well done 
include increasing and decreasing functions and maxima and minima. 


A special feature of the book, which students will find very helpful, consists - 


of a number of sections marked with an R which contain pertinent review 
material in trigonometry and analytic geometry. As another feature, certain 
sections are set in smaller type and marked with an asterisk. According to the 
preface this indicates that they “either treat a topic not universally studied by 
beginners, or contain a proof with some details a little difficult for the average 
class.” It is a bit puzzling to find all discussion of the definition and theory of 
limits confined to such sections. 

The exposition is full and generally very clear; the language is precise and 
lucid. Much appeal is made to geometric intuition, which is right and proper in 
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a beginning course in calculus. The degree of rigor maintained is probably as 
high as is practicable at this level. There are a few places where the distinction 
between plausible and rigorous argument should perhaps be more sharply drawn. 
Also, occasionally the reader may be in doubt whether a certain statement can 
be inferred from the context or is simply an assertion to be accepted without 
proof. 

The illustrative examples are well chosen and are worked out in clarifying 
detail. The exercises appear entirely adequate unless one insists on some appli- 
cations from the social sciences. The typography and figures are above reproach 
and the misprints discovered are too trivial to mention. 

This book is not for a streamlined course, but where time permits, it could 
serve as an excellent text for thorough training in elementary calculus. 

E. A. CAMERON 
University of North Carolina 


NEW BOOKS RECEIVED 


Quantum Mechanics. By F. Mandl. New York, Academic Press, Inc., 1954. 
viii +233 pages. $5.80. 
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for the Royal Society at the University Press, Cambridge, 1954. 28 pages. 6s. 6d. 
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NEWS AND NOTICES 


EpITEp By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


PERSONAL ITEMS 


Professor C. L. Clark of Oregon State College was appointed to represent 
the Mathematical Association of America at the inauguration of President 
Owen M. Wilson of the University of Oregon on October 19, 1954. 

Mrs. Roberta E. Presnell of Rockford College represented the Mathematical 
Association of America at the inauguration of President Miller Upton of Beloit 
College on October 29, 1954. 

Assistant Professor Josephine Mitchell, who is on leave from the University 
of Illinois, has been appointed a member of the Institute for Advanced Study 
and has been awarded the Marion Talbot Fellowship of the American Associa- 
tion of University Women. 

Dr. M. F. Ruchte of the University of Nebraska is a National Science 
Foundation Post-Doctoral Fellow at Yale University. 

Butler University announces the following: The Department of Mathemat- 
ics is now the Department of Mathematics and Astronomy; Professor H. E. 
Crull is Head of the Department and Director of the new J. I. Holcomb Ob- 
servatory; Dr. R. H. Oehmke of Illinois Institute of Technology has been ap- 
pointed to an assistant professorship; Mrs. Theresa M. C. Oehmke, formerly a 
computer for Air Weapons Research, University of Chicago, has been appointed 
Acting Instructor. 

Carnegie Institute of Technology reports: Miss Irene Harwick has been 
appointed to an instructorship; Dr. Frederick Ling has accepted an assistant 
professorship; Mr. G. B. Thorp has been appointed Lecturer. 

Duquesne University reports the following: Assistant Professor A. G. Ander- 
son has been promoted to an associate professorship and named Chairman of the 
Department of Mathematics; Former Acting Chairman R. E. Smith remains 
at the University as Associate Professor in the Department of Management, 
School of Business Administration; Mr. Donato DeFelice of the University of 
Pittsburgh has been appointed to an instructorship. 

Florida State University announces: Assistant Professor R. L. Plunkett of 
Vanderbilt University has been appointed to an assistant professorship; Mr. 
J. E. Snover of Syracuse University and Dr. R. F. Williams of the University 
of Virginia have been appointed to assistant professorships; Associate Profes- 
sor D. B. Goodner has been promoted to a professorship; Assistant Professor 
H. E. Taylor has been promoted to an associate professorship. 
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Hampton Institute reports the following: Mr. S. R. Beyma has been ap- 
pointed Acting Chairman; Mr. O. R. Barker has been appointed to an assistant 
professorship; Miss Harriett R. Junior has been appointed to an instructorship. 

The Johns Hopkins University makes the following announcements: As- 
sistant Professor F. I. Mautner has been awarded a Guggenheim Fellowship and 
will be a member of the Institute for Advanced Study for the academic year 
1954-55; Professor Wei-Liang Chow is on leave of absence and will be a mem- 
ber of the Institute for Advanced Study for the academic year 1954-55; Assist- 
ant Professor G. D. Mostow has been promoted to an associate professorship; 
Dr. Gerard Washnitzer has been appointed Visiting Lecturer for the academic 
year 1954-55; Mr. J. T. Robinson and Dr. Solomon Schwartzman have been 
appointed to instructorships. 

At Lehigh University: Assistant Professor Theodore Hailperin has been pro- 
moted to an associate professorship; Dr. S. I. Goldberg has been promoted to 
an assistant professorship; Mr. Ti Yen, formerly a graduate assistant at the 
University of Illinois, has been appointed to an instructorship; Associate Pro- 
fessor Emeritus K. W. Lamson has returned from the University of Puerto 
Rico and will teach part-time during 1954-55; Mr. R. L. Korsch, Mr. F. C. 
Oglesby, Mr. R. C. Scott and Mr. C. E. Yingst have been appointed to part- 
time assistantships. 

McMaster University announces the following: Associate Professors J. D. 
Bankier and D. B. Sumner have been promoted to professorships; Mr. W. J. 
McCallion, formerly a lecturer, has been promoted to an assistant professorship. 

Montana State University reports the following: Dr. D. B. Higman, who 
has been National Research Fellow at McGill University, has been appointed 
to an associate professorship; Dr. W. R. Cowell of the University of Wisconsin 
has been appointed Assistant Professor; Associate Professor T. G. Ostrom has 
been appointed Chairman of the Department of Mathematics. 

At Mount Allison University, New Brunswick, Canada: Professor W. S. H. 
Crawford is on leave of absence to engage in study and research at the Uni- 
versity of London while on a Beaverbrook Overseas Fellowship; Mr. Neill Wal- 
lace, formerly with the United States Army, has been appointed Lecturer. 

North Carolina State College announces: Associate Professors H. M. Na- 
hikian and H. V. Park have been promoted to professorships; Mr. G. C. Cald- 
well of the Institute for Cooperative Research, Johns Hopkins University, 
Baltimore, Maryland, has been appointed to an instructorship. 

Pacific University reports: Assistant Professor John Christopher of Knox 
College has been appointed to an assistant professorship; Professor H. F. Price 
has retired with the title Professor Emeritus. 

At Pomona College: Professor C. G. Jaeger, chairman of the Department 
of Mathematics, has been elected Mayor of Claremont, California; Assistant 
Professor E. B. Tolsted has been promoted to an associate professorship. 

Texas Southern University announces the following: Dr. A. H. Wardlaw has 
been promoted to the position of Assistant Professor and Acting Head of the 
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Department of Mathematics; Mr. J. E. Westberry has been promoted to an 
assistant professorship; Mrs. Jeanette E. Lockley has been appointed to an in- 
structorship; Assistant Professor R. H. Parson is on a study leave of absence at 
the University of Iowa. 

Tulane University reports: Mr. Leon Brown, Dr. D. E. Edmondson, and 
Dr. J. R. Isbell have been appointed to research instructorships; Dr. F. B. 
Wright, Jr., has been appointed to an instructorship. 

The University of Buffalo reports: Mr. A. G. Fadell, formerly a teaching 
assistant at Ohio State University, has been appointed to an instructorship; 
Mr. A. H. Blessing, Mr. C. L. Gape, and Mr. G. E. Neu, formerly teaching 
fellows at the University, have been promoted to instructorships. 

The University of Cincinnati announces: Dr. Wolfgang Jurkat of the Uni- 
versity of Tiibingen has been appointed Visiting Associate Professor; Mr. I. L. 
Lynn and Mr. B. A. Raymond have been appointed to instructorships; Mr. 
R. J. Fopma has been promoted to an assistant professorship; Associate Pro- 
fessor Carl Ludeke of the Department of Mathematics has been transferred to 
the Physics Department. 

The University of Michigan reports the following: Assistant Professors 
C. L. Dolph and E. E. Moise have been promoted to associate professorships; 
Associate Professor Hans Samelson has been promoted to a professorship; Dr. 
J. W. Addison, Jr., Dr. Maurice Auslander, Dr. T. R. Jenkins, and Dr. P. J. 
Koosis have been appointed to instructorships; Instructors D. K. Kazarinoff, 
J. E. McLaughlin, and C. J. Titus have been promoted to assistant professor- 
ships; Dr. J. H. Giese of the Ballistics Research Laboratory, Aberdeen Proving 
Grounds, has been appointed Visiting Lecturer for the first semester 1954-55. 

The Institute of Technology, University of Minnesota, announces the fol- 
lowing: Dr. J. B. Serrin of Massachusetts Institute of Technology and Dr. 
H. Yamabe of the Institute for Advanced Study have been appointed to assist- 
ant professorships; Professor Jan Popken of the University of Utrecht, the 
Netherlands, has returned to the Netherlands after serving as Visiting Professor 
during the academic year 1953-54; Dr. L. W. Green and Dr. J. E. Thompson 
were promoted to assistant professorships; Professor P. C. Rosenbloom has 
returned after a year’s leave of absence which was spent at the Institute for 
Advanced Study; Professor Rosenbloom has been appointed to the Advisory 
Panel for Mathematics of the National Science Foundation. 

The University of Nebraska announces: Associate Professor W. G. Leavitt 
is Chairman of the Department of Mathematics and Astronomy; Dr. F. C. 
Andrews, formerly a research associate at Stanford University, has been ap- 
pointed to an assistant professorship; Dr. Arne Magnus of the University of 
Kansas and Dr. F. W. Anderson, previously a graduate student at the Univer- 
sity of lowa, have been appointed to instructorships. 

At the University of New Hampshire: Associate Professor W. L. Kichline 
has been promoted to a professorship; Mr. F. J. Robinson has been promoted 
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to an assistant professorship; Mr. C. G. Cullen, formerly a student at New York 
State College for Teachers, Miss Constance M. Foley, recently a student at 
the University, and Mr. B. C. McQuarrie, previously a student at Lafayette 
College, have been appointed Graduate Assistants. 

The University of North Carolina announces the following: Professor J. W. 
Lasley, Jr., is serving as Chairman of the Department of Mathematics while 
Professor W. M. Whyburmn is on sabbatical leave for the academic year 1954-55. 

At the University of Washington: Professor R. A. Beaumont has been 
awarded a Ford Fellowship and is at the Institute for Advanced Study for 1954— 
55; Associate Professors R. A. Beaumont and Edwin Hewitt have been pro- 
moted to professorships; Assistant Professor V. L. Klee has been promoted to 
an associate professorship; Dr. L. A. Kokoris has been promoted to an assist- 
ant professorship; Miss Thelma M. Chaney, Dr. H. A. Forrester, Dr. R. L. 
Vaught, and Dr. J. H. Walter have been appointed to instructorships. 

Wesleyan University reports the following: Visiting Assistant Professor Hing 
Tong of Barnard College has been appointed to an assistant professorship; Mr. 
E. W. Adams, formerly with the Bureau of Applied Social Research at Colum- 
bia University, has been appointed to an instructorship under the internship 
program of the Fund for the Advancement of Education. 

Assistant Professor D. F. Atkins of the University of Richmond has been 
promoted to an associate professorship. 

Acting Assistant Professor H. H. Barnett of Florida State University has a 
position as a mathematician with the Glenn L. Martin Corporation, Baltimore, 
Maryland. 

Mr. G. C. Barton, formerly a teacher at Concrete Senior High School, Con- 
crete, Washington, is teaching now at Las Lomas High School, Walnut Creek, 
California. 

Dr. Donald Charles Benson, previously a research assistant at Applied 
Mathematics and Statistical Laboratory, Stanford, California, has been ap- 
pointed to an instructorship at Princeton University. 

Dr. I. E. Block of the Philco Radio and Television Corporation has accepted 
a position as staff consultant with the Burroughs Computation Laboratory, 
Philadelphia, Pennsylvania. 

Mr. R. O. Blummer, Jr., recently associate mathematician with Vitro Cor- 
poration of America, Key West, Florida, has a position as a scientific analyst 
with the Division of Industrial Cooperation, Massachusetts Institute of Tech- 
nology. 

Associate Professor J. L. Brenner of the State College of Washington is 
spending the academic year at the Computing Laboratory, Ballistic Research 
Laboratories, Aberdeen Proving Ground, Maryland, under a contract between 
the State College of Washington and the Office of Ordnance Research. 

Assistant Professor L. P. Burton of the University of California at Davis has 
been appointed to an assistant professorship at Alabama Polytechnic Institute. 
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Assistant Professor Eugenio Calabi of Louisiana State University has ac- 
cepted a position as Assistant Professor at California Institute of Technology 
for the academic year 1954-55. 

Dr. J. H. Case, graduate assistant at Tulane University, has been appointed 
to an assistant professorship at the University of Utah. 

Assistant Professor John Caulfield of Fairfield University has been ap- 
pointed to an assistant professorship at Boston College. 

Dr. H. J. Cohen, formerly a Fulbright scholar at the University of Paris, 
has been appointed to an instructorship at the City College of the City of New 
York. 

Dr. E. H. Crisler of Oberlin College has been appointed to an assistant pro- 
fessorship at the University of Notre Dame. 

Dr. A. E. Danese of the University of Rochester has accepted an assistant 
professorship at Western Reserve University. 

Dr. M. A. Dengler of the Midwest Research Institute, Kansas City, Mis- 
souri, has accepted a position as senior aerodynamicist with Northrop Aircraft, 
Inc., Hawthorne, California. 

Mr. J. I. Derr, formerly an aerophysics engineer at Consolidated Vultee 
Aircraft Corporation, Fort Worth, Texas, has a position as an assistant mathe- 
matician at the Rand Corporation, Santa Monica, California. 

Assistant Professor J. T. Duprat of the University of Ottawa has been pro- 
moted to an associate professorship. 

Mr. H. E. Flesner has been appointed to an instructorship at the University 
of Toledo. 

Assistant Professor Herta T. Freitag of Hollins College has been promoted 
to an associate professorship. 

Professor J. E. Freund of Alfred University has accepted a position as Pro- 
fessor of Statistics at Virginia Polytechnic Institute. 

Mr. H. H. Goode has been appointed to a professorship in the Department 
of Electrical Engineering of the University of Michigan in addition to his duties 
as Director of the Willow Run Research Center and Assistant Director of the 
Engineering Research Institute. 

Mr. J. H. Griesmer, formerly a student at the University of Notre Dame, 
has accepted a position as an assistant in research at Princeton University. 

Emeritus Professor F. L. Griffin of Reed College has been appointed Presi- 
dent of the College. 

Associate Professor J. J. L. Hinrichsen has been named Head of the Depart- 
ment of Mathematics of Iowa State College. 

Mr. W. B. Holmes, previously a flight test analyst for Boeing Airplane Com- 
pany, Wichita, Kansas, has a position as a staff engineer for Instrumentation 
Laboratory, Massachusetts Institute of Technology. 

Mr. N. C. Hoover, recently an instructor at the University of South Da- 
kota, has accepted an instructorship at Fresno State College. 
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Dr. T. R. Horton of the University of Florida has a position as applied sci- 
ence representative with the International Business Machines Corporation, At- 
lanta, Georgia. 

Reverend L. E. Isenecker, formerly a graduate student at Catholic Univer- 
sity of America, is continuing his studies at West Baden College. 

Dr. Paul Ito, assistant in mathematics at St. Louis University, was given a 
post-doctoral fellowship at the University of North Carolina for 1954-55 in 
mathematical statistics. 

Associate Professor S. J. Jasper of East Tennessee State College has ac- 
cepted an assistant professorship at Ohio University. 

Professor Fritz John of New York University has received a Fulbright fel- 
lowship to lecture in mathematics at the Georg August Universitaet, Goettingen, 
Germany, during the February—July semester of 1955. 

Professor Bjarni Jonsson of Brown University is on leave of absence for the 
year 1954-55 and is spending the year at the University of Iceland as Visiting 
Professor. 

Mr. R. E. Krucklin of A. H. Johnson and Company, New York City, has 
accepted a position with North Atlantic Constructors, New York City, as Head 
of Materials and Procurement Control Department. 

Mr. A. R. Lamontagne, formerly a graduate assistant at the University of 
New Hampshire, is a fellow at Brown University. 

Mr. J. W. Lindsay has been appointed to an assistant professorship at Texas 
Technological College. 

Mr. D. B. Lowdenslager, formerly with the Institute for Cooperative Re- 
search, Johns Hopkins University, has accepted an instructorship at the Uni- 
versity of Virginia. 

Dr. R. D. Luce, previously the managing director of the Behavioral Models 
Project, Bureau of Applied Social Research, Columbia University, is now at 
the Center for Advanced Study in the Behavioral Sciences, Menlo Park, Cali- 
fornia. 

Dr. E. A. Maier, formerly of the University of Oregon, is now on the re- 
search staff of the Giustina Brothers Lumber Company, Eugene, Oregon. 

Mrs. Dorothy C. Martin, instructor at Wood Junior College, has been ap- 
pointed to an assistant professorship at Jacksonville State College. 

Dr. R. A. Moore of the University of Nebraska has been appointed Instruc- 
tor and Research Fellow at Yale University. 

Professor P. B. Norman of the Polytechnic Institute of Brooklyn has been 
appointed to a professorship at Long Island University. 

Dr. C. S. Ogilvy of Hamilton College has been promoted to an assistant pro- 
fessorship. 

Dr. E. J. Pellicciaro of the University of Delaware has accepted a research 
instructorship at Duke University. 

Professor H. R. Phalen has been appointed Head of the Department of 
Mathematics of the College of William and Mary. 
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Associate Professor F. M. Pulliam of the U. S. Naval Postgraduate School 
has been promoted to a professorship. 

Dr. G. N. Raney of Columbia University has been appointed to an instruc- 
torship at Brooklyn College. 

Mr. John Rausen of the University of Connecticut has been appointed a lec- 
turer at Columbia University. 

Mr. P. C. Rogers, formerly a mathematician with the United States Air 
Force, Washington, D. C., has accepted an instructorship at St. Joseph’s Col- 
lege, Philadelphia, Pennsylvania. 

Assistant Professor Louise J. Rosenbaum of Reed College has been appointed 
to an assistant professorship at St. Joseph College, West Hartford, Connecticut. 

Dr. A. L. Shields of Tulane University has been promoted to an assistant 
professorship. 

Mr. R. L. Shively of Western Reserve University has been promoted to an 
assistant professorship. 

Assistant Professor Abraham Spitzbart of the University of Wisconsin in 
Milwaukee has been promoted to an associate professorship. 

Dr. Robert Stanley of the University of British Columbia has been ap- 
pointed to an assistant professorship at the University of South Dakota. 

Assistant Professor T. T. Tanimoto of Allegheny College has accepted a 
position as a mathematician with International Business Machines Corpora- 
tion, New York City. 

Mr. C. W. Thomson of the University of Utah has been appointed to an as- 
sistant professorship at Tennessee Polytechnic Institute. 

Assistant Professor R. N. Tompson of Florida State University is now with 
the Bell Telephone Company, New York City. 

Mr. D. T. Walker, previously an instructor at the University of South Caro- 
lina, has accepted a graduate assistantship at the University of Georgia. 

Mr. C. R. Wampole, recently head of the Department of Mathematics of 
Eastern Military Academy, Cold Spring Harbor, Long Island, New York, is 
teaching at Hauppauge Union Free School, Hauppauge, Long Island, New 
York. 

Mr. G. T. Williams, formerly with the Brookhaven National Laboratory, 
Upton, New York, is now Chief of the Warheads Analysis Section, Aberdeen 
Proving Ground, Maryland. 

Col. R. C. Yates, previously a professor at the United States Military Acad- 
emy, has been appointed to a professorship at Virginia Polytechnic Institute. 


Associate Professor J. D. Burk of the University of Toronto died on July 7, 
1954. 

Assistant Professor Mary E. Decherd of the University of Texas died in 
February, 1954. She was a charter member of the Association. 


Professor Emeritus J. J. Hayes of the University of Utah died on February 
27, 1954. 
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Mr. G. O. Peirce, instructor at Marquette University, died on August 14, 


1954. 


Dr. T. E. Raiford of the University of Michigan died on July 14, 1954. 

Dr. R. W. Schmied, research mathematician of the Military Physics Re- 
search Laboratory of the University of Texas, died in January 1954. 

Reverend J. P. Smith of Georgetown University died on March 5, 1954. He 
had been a member of the Association for thirty-four years. 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
Official Reports and Communications 


NEW MEMBERS 


Professor H. M. Gehman, Secretary-Treasurer, announces that the following 
88 persons have been elected to membership by the Board of Governors on ap- 


plications duly certified. 


P. L. Atcer, M.S.E.E.(Union) Consulting 
Engr., General Electric Co., Schenectady, 
N.Y. 

Mrs. Mary L. C. AnprEws, M.S. (Michigan 
S.C.) Oakmont, Pa. 

M. T. BATTLES, JR., Student, University of No- 
tre Dame. 

S. D. Beck, BS.(Tufts) Grad. Asst., Iowa 
State College. 

StouGHTon Bett II, M.A.(U. of California, 
Berkeley) Research Mathematician, Uni- 
versity of California, Low Pressures Re- 
search Laboratory, Richmond, Calif. 

RICHARD BELLMAN, Ph.D.(Princeton) Math- 
ematician, Rand Corporation, Santa Mon- 
ica, Calif. 

Mrs. AuprEY J. Benson, B.A. (Rochester) 
Research Asst., Los Alamos Scientific Lab- 
oratory, Los Alamos, N. M. 

WarREN BLAISDELL, A.B. (Williams) Vice- 
President, Addison-Wesley Publishing 
Company, Cambridge, Mass. 

C. S. Brewster, B.A.(Tufts) College Repre- 
sentative, Addison-Wesley Publishing 


Company, Cambridge, Mass. 

G. T. Buckanp, Ed.D. (Pennsylvania S. U.) 
Asso. Professor, Appalachian State Teach- 
ers College, Boone, N.C. 


J. E. Byrne, B.S.(Georgetown) Sales Repre- 
sentative, Addison-Wesley Publishing 
Company, Cambridge, Mass. 

C. E. Caper, Ph.D.(Tulane) Asst. Professor, 
University of Miami, Coral Gables, Fla. 

R. E. Cornisu, B.S.(Seton Hall U.) 2nd Lt., 
Army of the United States. 

F. B. Crippen, A.M.(Columbia) Asst. Profes- 
sor, Fordham University. 

J. J. Devin, Student, Cathedral College. 

D. M. Dopp, Hazel Atlas Glass Company, 
Washington, Pa. 

R. J. M.A.(Minnesota)  Instr., Col- 
lege of St. Thomas. 

JoserH Dranorr, B.A.(Champlain) Mathe- 
matics Teacher, Wallington High School, 
N. J. 

Kurt E1sEMANN, S.M.(M.I.T.) Senior Math- 
ematician, International Business Ma- 
chines, Applied Science Division, New 
York, N. Y. 

Joseru M.A.(California) Asst. Profes- 
sor, Utah State Agricultural College. 

Mary I. M.A.(Minnesota) Asst. 
Professor, University of Minnesota, Du- 
luth, Minn. 

G. W. Erwin, Jr., Ph.B.(Wisconsin) Grad. 
Student, University of Washington. 
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Mrs. CeciLES. Fever, A.M.(Columbia) Reg- 
istrar and Asst. Professor, Stern College for 
Women, Yeshiva University. 

Hitpa Fest, A.B.(Montclair S.T.C.) Mathe- 
matics Teacher, Rahway High School, 
n. J. 

NELLIE G. FLETCHER, M.S.(KansasS.C.) Sci- 
ence and Mathematics Teacher, Greybull 
High School, Wyo. 

R. C. Foster, M.A.(Bowling Green S. U.) 
Instr., Tri-State College. 

Rev. W. L. Furman, S.J., M.S.(Florida) 
Instr., St. Charles College. 

T. M. Gatute, Jr., Ph.D.(Rice) Research 
Instr., Duke University. 

J. S. Garcia, B.A. (Poly. Inst. of Puerto Rico) 
Private, United States Army. 

G.N. Garrison, Ph.D.(Princeton) Chairman 
of Mathematics Dept. and Asso. Professor, 
C.C.N.Y. 

Victor GoEDICKE, Ph.D.(Michigan) Profes- 
sor, Ohio University. 

W. T. Grant, M.A.(Montclair S.T.C.) Math- 
ematics Teacher, Rutherford High School, 
N.J. 

L. E. Grayson, B.A.(Texas Christian U.) 
Communications and Electronics Officer, 
U.S.A.F. 

W. T. Grecorzak, B.S.(Illinois) Teaching 
Asst., Rutgers University. 

C. B. Groscu, B.S. (Illinois State Normal U.) 
Grad. Asst., Iowa State College. 

NATHANIEL GrossMAN, Student, California In- 
stitute of Technology. 

H. A. Hanson, Ph.D.(Michigan S.C.) Chair- 
man, Mathematics Department, Upsala 
College. 

O. B. Haucssy, B.A.(WisconsinS.C.) Teach- 
er, Colfax High School, Wis. 

H. B. Howe, M.S. in Ed.(U.S.C.) Teacher, 
Ventura College. 

Guy Jounson, Jr., M.S.(A. and M. College of 
Texas) Instr., Rice Institute. 

H. T. Jones, M.A.(Lehigh) Asst. Professor, 
Emmanuel Missionary College. 

C. N. Krrxs, B.E.(Minnesota) Teaching 
Asst., University of Minnesota. 

B. W. Koepret, B.S. in E.E. (Missouri School 
of Mines & Metallurgy) Senior Research 
Engr., Seismograph Service Corporation, 
Tulsa, Okla. 

Dorotay J. Lapenporr, B.S. (Chicago) 


Mathematics Teacher, Oak Lawn Com- 
munity High School, Ill. 

M. D. Lanpau, M.A. (Syracuse) Asst. Profes- 
sor, Philadelphia Textile Institute. 

W. T. Lee, B.S.(Northeastern S.C.) Captain 
and Teacher, Oklahoma Military Acad- 
emy. 

C. S. Lin, M.S.(Philippines) Asso. Professor, 
University of the Philippines. 

C. W. Lone, M.S.(Southern Methodist U.) 
Asso. Professor, McMurry College. 

B, B. Louper, B.S. in E.E.(Oklahoma) Pro- 
gram Engr., General Electric Co., Schenec- 
tady, N. Y. 

D. L. LovenvirtH, Student, Massachusetts In- 
stitute of Technology. 

Mrs. Sara G. Loy, B.S.(Furman) Grad. 
Asst., Oklahoma A. & M. College. 

DoreEEN J. P. MAcManon, Student, Kent State 
University. 

E. Jewet A.B.(Mississippi Southern 
C.) Teaching Fellow, Alabama Polytech- 
nic Institute. 

G. J. Marks, B. Mech. Engr.(N.Y.U.) Test 
Engr., Curtiss-Wright Corporation, Wood- 
ridge, N. J. 

N. F. G. Martin, M.S.(North Texas S. C.) 
Lt. (j.g.) U.S.N.R. 

R. R. McDantet, Ph.D.(Cornell) Director, 
School of Arts and Sciences and Head of 
the Mathematics Department, Virginia 
State College. 

R. M. McLeop, M.A.(Rice) Assistant, Rice 
Institute. 

H. F. McWiutams, B.B.A. (Southern Metho- 
dist U.) General Motors Corporation, 
Arlington, Texas. 

M. A. Mepicx, M.S.(N.Y.U.) Lecturer in 
Mathematics, C.C.N.Y. 

A. C. MEwsorn, A.B.(North Carolina) En- 
sign, U.S.N.R. 

J. P. MippiexKaurr, M.S.(Stanford) Com- 
puting Analyst, Douglas Aircraft Com- 
pany, Santa Monica, Calif. 

Mrs. M. Moore, M.A. (Arkansas) 
Asst. Professor, Southern State College. 

J. E. Mutuican, Jr., A.M.(Michigan) Math- 
ematician, Naval Proving Ground, Dahl- 
gren, Va. 

F. H. Murpuy, B.S.(Georgetown) College 
Representative, Addison-Wesley Publish- 
ing Company, Cambridge, Mass. 
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Mary W. NEE ty, M.A.(Arizona) Mathemat- 
ics Teacher, Tucson High School, Ariz. 

C. A. Nicot, Ph.D.(Texas) Instr., University 
of Texas. 

J. M. Perry, A.M.(Harvard) Asst. Professor, 
Clarkson College of Technology. 

Mrs. JupitH M. Pittow, M.A. (Louisiana 
S. U.) Mathematics Teacher, Baton 
Rouge High School, La. 

J. T. Powers, B.S.(Georgetown) Sales Rep- 
resentative, Addison-Wesley Publishing 
Company, Cambridge, Mass. 

G. C. Preston, Ph.D.(Minnesota) Instr., 
Purdue University. 

G. F. Rreman, Jr., M.A.(Chicago) Instr., 
Ogontz Extension Center of Pennsylvania 
State University. 

R. E. Row ey, B.S. in Met. E. (State Coll. of 
Washington) Junior Engr., General Elec- 
tric Company, Richland, Wash. 

DonaLp Scumipt, B.A.(Bethel) Grad. Asst., 
Iowa State College. 

R. H. J. Scumupt, B.S. in M.E. (Washington) 
Instr., Seattle University. 

S. J. Scott, M.A.(East Carolina T.C.) Grad. 
Student, University of North Carolina. 
Harotp SHULMAN, M.A.(Johns Hopkins) 
Mathematician, Institute of Mathematical 

Sciences, New York University. 
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E.C SprencLte, Student, Rutgers University. 

R. G. Staptes, III, Student, Rutgers Univer- 
sity. 

R. Swann, A.B. (East Carolina T.C.) 
Grad. Student, University of North Caro- 
lina. 

Mrs. Eunice-Gatt TEICHMANN, M.A. (North- 
western) Teacher, Milwaukee Public 
Schools. 

Mary V. TERHUNE, M.A.(Michigan) Mathe- 
matics Teacher, Proviso Township High 
School, Maywood, IIl.; Lecturer, Evening 
Division, Northwestern University. 

J. C. Toompson, M.S.(North Dakota) Instr., 
Dickinson State Teachers College. 

S. M. Tucker, Student, Rutgers University. 

H. S. Vatx, M.S.(George Washington) As- 
sistant in Physics, Washington University. 

A. B. Watters, Electronic Engr., Cook Elec- 
tric Company, Chicago, III. 

J. E. WestsBerry, M.S.(Atlanta), M.A. (Michi- 
gan) Asst. Professor, Texas Southern 
University. 

Epita F, WaitMer, Ed.D.(Missouri) Chair- 
man, Division of Mathematics, Henderson 
State Teachers College. 

A. G. J. WitForp, B.A.(Queens U.) Meteor- 
ologist, Dept. of Transport, Toronto, On- 
tario, Canada. 


THE MARCH MEETING OF THE KANSAS SECTION 


The thirty-ninth annual meeting of the Kansas Section of the Mathemati- 
cal Association of America was held at Baker University, Baldwin City, Kansas, 
March 27, 1954. Professor W. C. Foreman, Chairman of the Section, presided. 

One hundred sixty-four persons attended the meeting including the follow- 


ing fifty members of the Association: 


L. W. Akers, R. W. Babcock, Wealthy Babcock, Florence L. Black, G. L. Crumley, E. L. 


Dubowsky, Paul Eberhart, A. M. Feyerherm, W. C. Foreman, J. W. Forman, L. E, Fuller, W. H 
Garrett, F. C. German, Laura Z. Greene, J. D. Haggard, J. R. Hanna, Sabrina M. Hecht, A. J. 
Hoare, H. V. Huneke, Emma Hyde, H. E. Jordan, Helen F. Kriegsman, L. E. Laird, C. F. Lewis, 
J. M. Marr, Margaret E. Martinson, S. T. Parker, O. J. Peterson, P. S. Pretz, C. B. Read, L. M. 
Reagan, R. G. Sanger, W. R. Scott. A. J. Silverman, Sister Jeanette, F. B. Sloat, G. W. Smith, 
R. G. Smith, R. P. Smith, W. L. Stamey, E. C. Stopher, E. B. Stouffer, Ruth Kjersti Swanson, 
Robert H. Thompson, Wilmont Toalson, C. B. Tucker, Gilbert Ulmer, A. E. White, Ferna E. 
Wrestler, and P. M. Young. 


The following officers were elected for the year 1954-55: Chairman, Profes- 
sor E. C. Stopher, Fort Hays State College; Vice-Chairman, Professor W. R. 


\ 


68 THE MATHEMATICAL ASSOCIATION OF AMERICA [January 


Scott, University of Kansas; Secretary, Professor Laura Z. Greene, Washburn 
University of Topeka. 

In the business session a report of the Boulder Conference was given by Pro- 
fessor Paul Eberhart, Washburn University, and Reverend W. C. Doyle, Rock- 
hurst College. 


The following papers were presented at the morning and afternoon sessions: 


1. Archimedes and integration, by Professor S. H. Gould, University of Kan- 
sas, introduced by the Chairman. 


Newton and his contemporaries expressed great admiration of the virtuosity displayed by 
Archimedes in his various integrations and felt sure he must have had some unifying “method,” 
lost in the intervening centuries. In 1906 a manuscript of Archimedes was discovered in Con- 
stantinople with an article entitled “A Mechanical Method for Geometrical Problems.” The pres- 
ent talk illustrates, with models and an actual lever, how the volume of various solids, especially 
of the sphere, can be deduced by the law of the lever. 


2. Trends in applied mathematics, by Dr. Martin Goland, Midwest Research 
Institute. (By invitation.) 


Modern computer technology is causing significant change in both the scope and philosophy 
of applied mathematics. High-speed calculation permits practical numerical study of the solutions 
of differential and integral equations even when these are not known in closed, or readily calculable 
form. In addition to expanding the utility of the linear theories of engineering, physics, and other 
scientific disciplines, modern computers enable the scientist to cope with many important non- 
linear problems. 

“Computer mathematics” places emphasis on numerical methods. The generation of approxi- 
mate solutions, and the analysis of their existence, convergence and accuracy are questions of 
immediate importance to modern analysts. 

A second branch of mathematics which is finding increased importance in technical fields is 
that of statistics and probability. Quantum mechanics, biophysics, information theory, physics of 
materials, and aeronautical engineering are but examples of scientific branches which are finding 
probabilistic thinking of growing importance. 

Finally, mention should be made of the increasing interest in topological analysis. Solutions 
to nonlinear equations are often clarified by topological argument. Also, the relatively new disci- 


plines of linear and nonlinear programming can be expected to draw heavily on this branch of 
mathematics. 


3. Fifty years: then and now, by Emeritus Professor W. H. Garrett, Baker 
University. 


It was fifty years ago that the Kansas Association of Teachers of Mathematics was organized. 
In observance of the anniversary a special program followed the joint luncheon with the Kansas 
Section of the Mathematical Association of America. Professor Garrett, who was one of the found- 
ers of the K. A. T. M., introduced the other charter members present: Emeritus Professor Emma 
Hyde, of Kansas State College, and Emeritus Professor M. E. Rice of the University of Kansas. 
He then gave a brief history of the first year of the Association followed by a comparison of the 
progress in certain other activities during the past fifty years, such as transportation and athletics, 
with the progress in a liberal arts education. 


4. On consecutive integers, by Mr. Stanley Gale, University of Kansas, intro- 
duced by the Chairman. 


It has been a long standing conjecture that there is no solution in integers of the following 
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Diophantine equation: 
where +>0,n>1,y<0 and &>1. 


Many special cases have been contributed since the early 1800's. In particular, Pillai has proved 
the cases when nS 16, k2=(n+3)/2. Oblath [Journal Indian Math. Soc., (N.S.), 15, 1951, pp. 135-9, 
1952] stated that there are no solutions for n <16, but did not prove the cases unproved by Pillai. 
The author fills this gap by treating the remaining cases individually. 


5. Mathematical analysis of music, by Professor Herman Reichenbach, 
Sterling College, introduced by the Chairman. 


A musical form is a function of time between silences. Since the climax is nearer the end and 
a relaxation in the middle, the total intensity curve follows half a wave of 


4. Frequency f = 1/2¢ final. 
{0 = pe k cant (The unit of ¢ is one meas.) 
This describes the changes in pitch (melody) as well as in harmony, rhythm, dynamics, technical 
difficulty. Thus the total form has the same structure as a single tone with its overtones. Coeffi- 
cients vary according to composer and style. 

Melody: Such a function holds good for Gregorian Psalmody or simple folk songs. More 
elaborate melodies superimpose part time waves of similar structure of reversed order or part time 
damped waves damping amplitude as well as wave length; or else they are built on two simultane- 
ous waves, sounding like two melodic lines in one. 

Rhythm: $(t) is the pattern of the ¢-th measure, naming the beats that are not used, e.g.: 
.234 is a whole note. Since any odd measure is Arsis to the following even measure as thesis $(2¢) 
2=¢(2t—1). The progressive increase in pattern and in use of 4 and 7x notes follows the total curve 
above. 

Counterpoint: There are simple differential and other equations between F(t) and G(¢) pre- 
scribing all the intricate rules of counterpoint, e.g., 

Forbidden Parallels: If F(k) —G(k) = C=perfect consonance 


F\(k) X G(k) S @ required. 


Complementary Rhythm recommended: ¢(k) = —y(&). 

Harmony: Cadence is harmonic oscillation: T S T D T= —sin wt. The total form as cadence of 
cadences produces a curve similar to the total curve above. 

Aesthetic gestalt requires both closeness and variety to be strong: 


~R+Dc where R = relations 
C = contrasts, 


Organic forms require deviation from exactness: ¢+-At etc. keeping closely at the borderline of 
forbidden tracks, 


6. Some indeterminate forms, by Professor S. T. Parker, Kansas State Col- 
lege. 


Most texts dealing with indeterminate forms give an injudicious selection of problems for 
the so-called 0° and ©° types. In nearly all the problems of these types in about thirty calculus 
books checked, the limits are unity. The speaker pointed out that this state of affairs is mislead- 
ing, and suggested that teachers of the calculus make a supplementary assignment, which need 
include but a very few problems, for which the limits are different from unity. He outlined some 
procedures whereby any number of such problems could be constructed. 


Laura Z. GREENE, Secretary 
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THE APRIL MEETING OF THE NEBRASKA SECTION 


The thirtieth annual meeting of the Nebraska Section of the Mathematical 
Association of America was held at Creighton University, Omaha, Nebraska, 
on April 24, 1954. Professor C. C. Camp, Chairman of the Section, presided at 
the sessions. 

There were thirty-four persons present, including the following twenty-one 
members of the Association: 

M.A. Basoco, H. W. Becker, A. K. Bettinger, Jessie W. Boyce, C. C. Camp, H. M. Cox, Mor- 
ris Dansky, H. W. Doss, Jr., J. M. Earl, Edwin Halfar, L. K. Jackson, M. L. Keedy, W. G. Leavitt, 


E. J. Lowry, R. L. Moenter, T. A. Newton, C. R. Perisho, H. B. Ribeiro, Harry L. Rice, D. D. 
Rippe, Lulu L. Runge. 


At the business meeting, the following officers were elected for the coming 
year: Chairman, Professor L. K. Jackson, University of Nebraska; Vice-Chair- 
man, Professor C. C. Camp, University of Nebraska; Secretary-Treasurer, Pro- 
fessor Edwin Halfar, University of Nebraska. 


The following papers were presented: 


1. Mathematics behind the calculation of joint-annuities, by Professor C. C. 
Camp, University of Nebraska. 


2. A curve of navigational interest, by Professor O. C. Collins, University of 
Nebraska. 


3. The operations analysis function in the Strategic Air Command, by Mr. 
T. W. Chapelle, Offutt Air Force Base, Omaha, Nebraska. (By invitation). 


The Strategic Air Command Operations Analysis Office consists of a group of civilian sci- 
entists reporting directly to General LeMay, Commander SAC. The primary responsibility of the 
office is to provide scientific advice to General LeMay and his staff. As an integral part of the 
activities involved in fulfilling this responsibility, the office performs what has come to be known 
as Operations Research; that is, the application of scientific methods to the analysis of operational 
problems. This presentation outlined the organization and functions of the Strategic Air Com- 
mand Operations Analysis Office and, in unclassified terms, briefly described some typical aspects 
of its work. 


4. Minimum variance estimates of space location of points, by Dr. D. D. 
Rippe, Offutt Air Force Base, Omaha, Nebraska. (By invitation). 


The rectangular coordinates of a point in space were estimated on the basis of independent 
and unbiased estimating points which are each subject to variability that is known. A criterion 
was set up such that the estimated point was an unbiased estimate of the true point with a mini- 
mum variability about the true point. The criterion was applied, as an example, to the adjusting 
on the basis of bombing experience of indirect aiming points which were initially considered ac- 
curate but subject to a computable variability. 


5. The analysis of performance versus reliability in a bounded system, by Dr. 
W. A. Dwyer, Offutt Air Force Base, Omaha, Nebraska. (By invitation). 
The potential rate of output of a certain system is dependent upon the reliability of the sys- 


tem and the quality of performance of the system, both of which are functions of several variables 
common to each. An optimization of the expected value of the end product as a function of the 
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common variables, whose ranges of variation are bounded, is desired. Desired also is a measure of 
the effect of changing the bounds. An approach to a specific problem was presented. 


6. Rings of words, by Professor W. G. Leavitt, University of Nebraska. 

The motive of an algebraist in constructing examples of algebraic structures is often analogous 
to that of the analyst in constructing the so-called “pathological functions.” As an illustration, the 
ring of “words” was constructed, together with certain of its factor rings. A discussion was given 
of some of the interesting properties of these rings, and of modules over them. 


7. Reconstruction of Fermat's lost proof (?), by Mr. W. H. Becker, Omaha, 
Nebraska. 


In Dickson’s History, V. Il, appear general formulas for Pythagorean triangles (P-triangles) 
with hypotenuse, odd or even leg an mth power: Volpicelli p. 168, Vieta p. 226; Euler, Drach p. 
768; Pocklington p. 772. Equating any pair of these, assuming P-triangles with two sides equal to 
two of the quantities, 2", x”, y™, it is shown that no corresponding pair of z, x, y can be sides of a 
P-triangle. This contradicts Carmichael’s problem 9, p. 103 (and its Case II corollary) Diophantine 
Analysis, thus proving the even power case of Fermat’s Last Theorem, and (in Case I) that only 
one side of a P-triangle can be an mth power. 


8. On the teaching of mathematics in universities, by Professor H. B. Ribeiro, 
University of Nebraska. 
EpwIn HALrar, Secretary 


THE APRIL MEETING OF THE TEXAS SECTION 


The annual meeting of the Texas Section of the Mathematical Association of 
America was held at Texas Technological College, Lubbock, Texas, on April 23- 
24, 1954. Professor L. A. Colquitt, Chairman of the Section, presided at the ses- 
sions. 

There were seventy persons in attendance, including the following forty-eight 
members of the Association: 

J. C. Bradford, Ina M. Bramblett, H. E. Bray, J. E. Burnam, D. R. Clutterham, M. L. Coff- 
man, L. A. Colquitt, Don Cude, J. R. Foote, Frances Freese, Gordon Fuller, Blanche B. Grover, 
W. T. Guy, Jr., J. O. Hassler, E. A. Hazlewood, E. R. Heineman, J. A. Hummel, B. W. Jones, 
E. C. Klipple, W. I. Layton, C. W. Long, H. A. Luther, Lida B. May, V. A. Miculka, P. D. Min- 
ton, R. A. Moreland, Jr., M. E. Mullings, C. A. Murray, T. K. Pan, Bob Parker, G. M. Petersen, 
C. J. Pipes, C. L. Riggs, Virginia B. Roberts, Marabeth Rollins, R. Q. Seale, C. R. Sherer, F. W. 
Sparks, D. W. Starr, W. W. Taylor, J. 1. Tracey, F. E. Ulrich, R. S. Underwood, Patricia A. Ward, 
Margaret M. Welch, Mabel Williams, H. E. Woodward, C. B. Wright. 


By invitation, Dr. S. M. Ulam delivered an address at the afternoon session. 
The title of his address was “Mathematical Games.” At the banquet Professor 
B. W. Jones gave the principal address. The title of his address was “New Em- 
phases in Mathematics.” 

At the business meeting the following officers were elected for the coming 
year: Chairman, Professor E. A. Hazlewood, Texas Technological College; 
Vice-Chairman, Professor M. E. Mullings, Abilene Christian College; Secre- 
tary-Treasurer, Professor C. R. Sherer, Texas Christian University. 


The program consisted of the following papers: 
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1. On the general solution of certain second order linear partial differential equa- 
tions, by Dr. M. L. Coffman, Agricultural and Mechanical College of Texas. 


A method of obtaining the general solution of certain second order linear partial differential 
equations is presented. For example, the general solution of Laplace’s equation in two dimensional 
polar coordinates is found. 


2. Certain pulsations and pressures in an ideal fluid, by Professor J. R. Foote, 
University of Oklahoma. 


Two potential functions are written, one for a source of variable strength to simulate a pul- 
sating sphere in a fluid which moves uniformly past, and another to simulate a pulsating, expand- 
ing sphere in a fluid at rest. Using several frequencies, sinusoidal pulsations can be created in the 
fluid. Expressions are written for dynamic pressure, static pressure, and total head at various 
points upstream, downstream, and abeam of the sphere. The various pressure amplitudes at these 
points are computed and compared to assist in selection of the proper measuring instruments to 
detect pressure fluctuations in a moving stream. 


3. “Parallax” in mathematics, by Professor R. S. Underwood, Texas Tech- 
nological College. 


In “extended analytic geometry,” which deals with equations in m variables, the most often 
encountered, or “normal,” loci of equations may be considered to be the silhouettes on a plane of 
“solid” figures. If then two such plane loci do not overlap, the corresponding solids do not touch, 
and the equations have no common real solutions. If the loci do overlap the equations may still be 
inconsistent, as if one solid is merely in front of the other. In this case it is often possible, by shift- 
ing axes, to get in effect another point of view from which the plane loci are separated, thus dem- 
onstrating that the equations are inconsistent. 


4. Extensors of non-integral order, by Professor W. T. Guy, Jr., The Univer- 
sity of Texas. 


Extensors of integral order are extended by means of a fractional differentiation process to 
those of non-integral order. 


5. Some remarks concerning commutative reflexive Banach algebras, by Pro- 
fessor E. R. Keown, Agricultural and Mechanical College of Texas, introduced 
by the Secretary. 


A commutative, reflexive Banach algebra is defined to be a Banach algebra satisfying the fol- 
lowing conditions: (a) the underlying space of the algebra is a reflexive Banach space; (b) the con- 
jugate space is required to form a Banach algebra in its natural norm; (c) the multiplication and 
the metric are connected by requiring an ideal in either algebra to have as its annihilator in the 
other space an ideal and the norm to have a certain additive property. These conditions imply that 
the algebra in question is essentially an /)-space with the multiplication corresponding to co-ordi- 
nate multiplication. 


6. Mathematical games, by Dr. S. M. Ulam, Los Alamos, New Mexico. (By 
invitation). 


7. Regions of flatness of analytic functions, by Mr. Guy Johnson, Jr., The 
Rice Institute. 


Let S denote an infinite set of simply connected domains D, of the z-plane contained in a do- 
main in which a function f(z) is holomorphic and non-zero. Let wa(w) denote the function which 
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maps the circle |w | <1 conformally on Dz such that we(0) =a and we’(0) >0. If the family of func- 
tions F(w) =f [w.(w)] is normal in |w| <1 then the set S will be called regions of flatness for f(z). 
The concept of regions of flatness was introduced by J. M. Whitaker (Proc. Edin. Math. Soc., 
1930-31) as regions in which the maximum and minimum modulus are in some sense of the same 
order. F. E. Ulrich and S. Mandelbrojt (Duke Math. Journal, June 1951) gave a precise definition 
analogous to that above in the special case where the domains D, are circles. Conditions are stated 
under which a set S are regions of flatness for f’(z) whenever they are for f(z). If the set of regions 
is denumerable and f(z) tends to infinity in the regions, then under given conditions the fact that 
they are regions of flatness for f(z) implies that they are regions of flatness for its successive deriva- 
tives. 


8. Block designs, by Professor B. W. Jones, University of Colorado. 


Balanced incomplete block designs are defined and their origins and applications discussed. 
Methods are sketched by which it has been shown that for certain values of the parameters no de- 
signs exist. 


9. Some aspects of Dirichlet series, by Mr. R. W. Randall, Jr., The Rice In- 
stitute, introduced by the Secretary. 

10. High-speed digital computation, by Dr. D. R. Clutterham, Consolidated 
Vultee Aircraft Corporation, Fort Worth, Texas. 


The main divisions of a high-speed digital computer are described: arithmetic unit, memory, 
control, and input-output. The binary number system and the computer’s representation of num- 
bers are outlined together with the basic operations which a general purpose computer should be 
able to perform. An example in preparing a problem is given. The use of Boolean algebra in logical 
design of computers is indicated. 


11. Requirements in mathematics by the states for graduation from high school, 
by Professor W. I. Layton, Stephen F. Austin State College. 


This paper attempts to analyze the kind and amount of mathematics required for graduation 
from high school by forty-seven states and the District of Columbia. The data are based upon 
material made available by state departments of education. 

Means were computed for the last four years of the various high school programs for certain 
subjects required of all students for graduation. In these four year programs, state requirements 
for graduation provide the following means in units: mathematics .6, English 2.8, social studies 
1.7, and science .7 of a unit. Thus, much emphasis is being given to English and social studies while 
mathematics ranks at the bottom of the list of subjects investigated. Also in these four year pro- 
grams, 57 per cent of the states require some mathematical training for graduation, 83 per cent re- 
quire English, 91 per cent social studies, and 57 per cent require credit in science. 

A study of elective units allowed during the last four years of high school gives a mean of 9.2 
units. With approximately 58 per cent of these four years available for electives, it seems that more 
mathematics could be required by the states for graduation. 


12. An analysis of the functional method of teaching geometric topics, by Sister 
Claude Marie, Incarnate Word College, introduced by the Secretary. 


The underlying aim of functional teaching of geometry is to enrich the course by providing 
means of thinking in terms of relationships which will increase the ability of the student to recog- 
nize and comprehend related situations. The study revealed important considerations of the fol- 
lowing aspects of a functional program: aims of instruction; principles governing selection of sub- 
ject mattef; treatment of subject matter; and effective instructional devices. A list of criteria based 
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upon the above findings was drawn up which could serve as a guide for analyzing functional situa- 
tions in textbooks and as a guide and stimulus for teaching the concept of “functionality.” 


13. Common objectives in the teaching of high school and college mathematics, 
by Professor J. O. Hassler, University of Oklahoma. 


Professor Hassler listed five common goals of high school and college teachers of mathematics, 
namely: to utilize, stimulate and develop to the fullest possible extent the students’ powers of imag- 
ination, discrimination, interpretation and generalization and to secure the greatest possible de- 
gree of proficiency in the manipulation of mathematical symbols. The meaning of each goal was 
illustrated by teaching situations in both high school and college mathematics and numerous sug- 


gestions made on methods of teaching necessary to reach the objectives. 


14. Recent trends toward coordination of higher education in Texas, by Pro- 
fessor E. A. Hazlewood, Texas Technological College. 


C. R. SHERER, Secretary 


CALENDAR OF FUTURE MEETINGS 
Thirty-sixth Summer Meeting, University of Michigan, Ann Arbor, Michi- 


gan, August 29-30, 1955. 


Thirty-ninth Annual Meeting, Rice Institute, Houston, Texas, December 


30, 1955. 


The following is a list of the Sections of the Association with dates of future 
meetings so far as they have been reported to the Associate Secretary. 


ALLEGHENY Duquesne University, 
Pittsburgh, Pennsylvania, April 30, 1955. 

ILLiNoIs, Monmouth College, Monmouth, May 
13-14, 1955. 

InpIANA, Butler University, Indianapolis, May, 
1955. 

Iowa, St. Ambrose College, Davenport, April 
15-16, 1955. 

Kansas, Fort Hays Kansas State College, Hays, 
March 26, 1955. 

Kentucky, Georgetown College, Georgetown, 
April 30, 1955. 
LouisIANA-MIssIssiPPI, Buena Vista Hotel, Bi- 
loxi, Mississippi, February 18-19, 1955. 
MARYLAND-DISTRICT OF COLUMBIA-VIRGINIA, 
Morgan State College, Baltimore, Mary- 
land, April 16, 1955. 

METROPOLITAN NEw YorK, Queens College, 
Flushing, New York, April 30, 1955. 

MicuiGaNn, Michigan State College, East Lan- 
sing, March 26, 1955. 

Mrnnesora, College of St. Teresa, Winona, 
Minnesota, May, 1955. 

Missour!, University of Kansas City, April 22, 
1955. 


NesBrRaSKA, University of Nebraska, Lincoln, 
April 23, 1955. 

NorTHERN Ca.irorniA, University of Califor- 
nia, Berkeley, January 15, 1955. 

Ox10, Ohio State University, Columbus, April 
23, 1955. 

OKLAHOMA 

PaciFic NorTHWEST, University of British Co- 
lumbia, Vancouver, June 17, 1955. 

PHILADELPHIA 

Rocky Mountain, University of Wyoming, 
Laramie, Spring, 1955. 
SOUTHEASTERN, Tennessee Polytechnic Insti- 
tute, Cookeville, March 11-12, 1955. 
SOUTHERN CALIFORNIA, Santa Monica City 
College, March 12, 1955. 

SOUTHWESTERN, University of New Mexico, 

Albuquerque, Spring, 1955. 

Texas, Abilene Christian College, Abilene, 
April 22-23, 1955. 

Upper New York Strate, University of Buf- 
falo, May 14, 1955. 

Wisconsin, Cardinal Stritch College, Milwau- 
kee, May 7, 1955. 
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ANNOUNCES FOR SPRING PUBLICATION 
TWO NEW DISTINGUISHED TEXTS 


R. E. Johnson and Neal H. McCoy 

ANALYTIC GEOMETRY 

An introductory text which emphasizes throughout an understanding of the basic 
principles of analytic geometry. Great care has been taken with the proofs of the 
main theorems so that the student may develop an appreciation of the logical struc- 
ture of mathematical proof. To facilitate complete understanding numerous illus- 
trative examples are worked out in detail as well as graded exercises, and the prin- 
cipal definitions are set off and numbered for easy reference. An appendix lists facts 
and formulas for reference and includes a table of the values of the trigonometric 
functions and a table of logarithms. Answers are given to the odd-numbered 
problems. April 


Burton W. Jones 
THEORY OF NUMBERS 


The introductory chapters develop the subject in a lucid and careful manner; the 
author’s treatment of Continued Fractions, which commences with Fibonacci Series, 
will be welcomed by teachers and students alike. Explication of problems not only 
introduces the students to mathematicians’ proof, but indicates how the student may 
develop his own proof. March 


And Two Important Texts Published in 1954 


Britton and Snively: ALGEBRA FOR 
COLLEGE STUDENTS 
(Revised Edition) 537 pp $4.50 


Beaumont and Ball: INTRODUCTION TO MODERN ALGEBRA 
AND MATRIX THEORY 
331 pp $6.00 


Publishers of Rinehart Mathematical Tables, 
compiled by Harold Larsen 
The Most Legible and Complete Tables Available 


RINEHART AND COMPANY, INC. 


232 MADISON AVENUE, NEW YORK 16, NEW YORK ol 
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Ready in February 


TRIGONOMETRY 


Roy Dubisch, Fresno State College 


This new textbook mirrors a conspicuous trend in the teaching of plane trigonometry 
by presenting trigonometric functions as functions of real numbers, with trig- 
onometric functions of angles as a supporting topic. This approach relates the subject 


more closely to other courses in mathematics. 


An introductory chapter gives a careful 
definition of functions in general, devel- 
oping the concept of a function as a rule 
of correspondence between two sets of 
objects and emphasizing the distinction 
between a function and a function value. 


Attention is concentrated on those pro- 
cedures and problems which are most 
generally useful in applications of trig- 
onometry. An abundance of illustrative 
examples and student exercises from 
analytic geometry, calculus, physics, en- 
gineering are included. 


Contents: Introduction. The Arc Length Function. The Sine and Cosine Functions. Tables 
and Graphs. Inverse Sine and Cosine Functions. Other Trig tric Functi Identities 
and Equations. Trigonometric Functions of Angles. Identities and Equations for Functions 
of Angles. Solution of Triangles. Complex Numbers and Trigonometry. Definition and 
Properties of Logaritl 1s. Applications of Logarithms. Appendixes. 396 pp., 107 illus., 
6 tables. Special Protractor included. 


CALCULUS 
Atherton Hall Sprague, Amherst College 


This logically complete course in the calculus offers a thorough treatment of the 
fundamentals with special attention to key concepts. Analytic proofs are accompanied 
by comprehensive and detailed explanations. Includes applications to geometry and 
physics; many graded problems and illustrative examples; chapters on polar 
coordinates and solid analytic geometry. 


“Clarity of thought and precision of definition are emphasized throughout, and the 
book is characterized by an abundance of problem work.”—Scripta MATHEMATICA. 


COLLEGE ALGEBRA 576 pp., 204 ills. 


Earle B. Miller, Illinois College; Robert M. Thrall, University of Michigan 


An exceptionally sound first-year college textbook designed for the student who 
wants a thorough grounding in the subject which will equip him for subsequent 
courses in mathematics. Book avoids the complexity of the too advanced text as 
well as oversimplified presentation, opening with a review of topics from the stu- 
dent’s earlier work. Subject matter follows traditional lines except where modern 
trends suggest additions which increase utility and simplify theory. 


“An excellent treatment. I believe the book should be one on which a fine course 
in College Algebra can be based.”—J. R. Kline, University of Pennsylvania. 


ANALYTIC GEOMETRY 


Alfred L. Nelson, Karl W. Folley, and William M. Borgman 
—all of Wayne University 


A textbook especially planned for use where preparation for the calculus, rather than 
the study of geometry, is the paramount objective. Particular attention is given to 
problems which will be of maximum value to future students of the calculus, the 
basic sciences, and engineering. 


“Prospective calculus students will gain so much from these drawings that they 
should feel at home when the mechanics of the calculus is studied.”"—THE AMERICAN 
MATHEMATICAL MONTHLY. 215 pp., 110 ills., 4 tables. 


THE RONALD PRESS COMPANY ¢ 15 E. 26th St., N.Y. 10 
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Teachers and Students Really Appreciate and Enjoy These 
INDISPENSABLE SOURCE BOOKS 


by SaMUvEL I. Jones 
Copies should be in every library and mathematics club! 


MATHEMATICAL CLUBS AND 
RECREATIONS 


A thorough discussion of mathematical clubs—purpose, results 
obtained, organization, programs, constitution, social activities, 
books for the library. Excellent selection of recreations—amuse- 
ments, tables, riddles, games, fallacies, magic squares, multiplica- 
tion oddities, etc., with solutions to recreations. 

61 illustrations 256 pages 5” x 7%" $3.00 


MATHEMATICAL WRINKLES 


An elaborate, ingenious, and convenient handbook of arithmetical 
problems, geometrical exercises, mathematical recreations, fourth 
dimension, mensuration, short methods, examination questions, 
answers and solutions, helps, quotations, kindergarten in number- 
land, tables, etc. 

94 illustrations 376 pages 5” x 7%" $3.50 


MATHEMATICAL NUTS 


A unique companion volume te Mathematical Wrinkles, consisting 
of gems in mathematics—brain teasers, thought-provoking ques- 
tions, interesting and stimulating problems in arithmetic, algebra, 
“plane and solid geometry, trigonometry, analytics, calculus, 
physics, etc., with 700 solutions. 


200 illustrations 352 pages 5” x 7H" $3.50 


Highly Indorsed and Recommended! 


‘Mathematical Wrinkles is an exceedingly valuable mathematical work-novel, am: 


amusing and instructive. 
We have seen nothing for a long time so ingenious and entertaining as this valuable work.” —The School- 
master, London, England. 


“Just a line to opetna you on the excellence of Mathematical Clubs and Recreations. This book should 
be in teacher of Ginsburg, Editor, Scripta Mathematica, 
ew Yor ew Yor! 


“I am a t admirer of Mathematical Nuts.”"—Miss Elsie Ni Teacher at Woman’s College, 
Whiteville, North Carolina. — 


Order these books without Fg (subject to your approval); please include Lo remittance: 
1 book, 12¢; 2 books, 16¢; 3 books, 20¢. Further eee ioe on request. 


S. I. JONES COMPANY, Publisher 
1122 Belvidere Drive Nashville 4, Tennessee 
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Recent and Forthcoming Publications 
PROBABILITY THEORY 


(FOUNDATIONS. RANDOM SEQUENCES) 
By MICHEL LOEVE 
University of California (Berkeley) 


In writing this book, Dr. Loéve realized the need for a text in 
Probability which begins with the intuitive background of the con- 
cepts and problems, and continues through the present state of the 
theory. Thus, with this aim in mind and with the inclusion of improvements and results of 
his own, he has produced a didactic, comprehensive, and up-to-date book. It serves a dual 
purpose as: (1) a text for the graduate student who has a estes He of classical analysis; 
and (2) a ae ge bee in —— for research workers in the fields of statistics, 
economics, physics, psychology and others. 

515 pages (1955) $12.00 


_ GENERAL TOPOLOGY 


By JOHN L. KELLEY 
University of California (Berkeley) 


This new book is especially intended as background for modern analysis, and gives 
a systematic exposition of the part of general topology which has proven useful in 
several branches of mathematics. The material is based on various lectures of the 
author given at several universities in recent years, and serves a dual purpose—(1) 
as a reference work it offers a reasonably complete coverage of the area, and this 
has resulted in the more extended treatment than would normally be given in a 
course; (2) because it is a text the exposition in the earlier chapters proceeds at 
a normal and comprehensible pace for students at this level of mathematical ma- 
turity. In line with this didactic objective, there is a preliminary chapter, not a 
of the systematic exposition, which covers those topics requisite to the main 

Body of the work that the author found to be new to many students. 
Ready in Spring 


MATHEMATICS OF FINANCE 


By JULIO A. MIRA and GEORGE HARTMANN 
Manhattanville College of the Sacred Heart and St. John’s University 


As stated in their preface—“the authors believe that teachers (and students) will 

find in this book a practical, realistic approach to the topics covered. The material 
is sufficient for at least a full term of mathematics. Particular attention is given to tech- 
niques of problem solving, and an abundance of illustrative examples are solved by two 
or even three methods. The techniques of the mathematics of finance can be learned only 
by actual work on the part of the student. For this reason many problems and exercises 
have been carefully constructed with the aim of developing the student's skill.” 


335 pages (1954) $4.85 
BUSINESS MATHEMATICS 


By JULIO A. MIRA 
Manhattanville College of the Sacred Heart 


This New Text for a first course in business mathematics is de- 
signed especially to fill the need for a flexible work suitable for 
students with widely varying degrees of mathematical preparation. 
Each basic principle has been illustrated and explained from the 
standpoint of the student. To further aid the student and to develop 
his power to think for himself, arithmetic solutions have been placed 
side by side with the algebraic solutions throughout the book. The 
author’s approach to the study of each topic is practical and realistic, 
yet lucid and didactic, and puts within reach of every student a 
sound understanding of the principles of business mathematics. 


Ready in February 
Send now for copies on approval 
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William L. Hart 


COLLEGE ALGEBRA 
Fourth Edition 


Adopted by more than 240 colleges during the past year. 


Among the more recent are: 


Alabama S.T.C., Florence 
Alabama S.T.C., Troy 

Selma U. 

St. Petersburg Jr. C. 
Abraham Baldwin C. 
Atlanta U. 

U. of Georgia 

Northwest Mississippi Jr. C. 
U. of Mississippi 

Charlotte C. 

High Point C. 

Wake Forest C. 

Hiwassee C. 

Middle Tennessee St. C. 
Tennessee A. & L. St. U. 
Vanderbilt U. 

Colorado C. of Educ. 
Blackburn C. 

Eureka C. 

Illinois St. Normal U. (Normal) 
James Millikin U. 

Wheaton C. 

Wilson Branch, Chicago City 


Jr. C. 
Indiana S.T.C. (Terre Haute) 
Indiana U. Ext. 
Taylor U. 
Burlington Jr. C. 
Morningside C. 
Muscatine Jr. C. 
Bethel C. 
Coffeyville C. 
Dorado Jr. C. 
Friends U. 
Independence Jr. C. 
Kansas S.T.C. (Emporia) 
Kansas S.T.C. (Pittsburg) 
Ottawa U. 
Parsons Jr. C. 
Sterling C. 
Municipal U. of Wichita 


Bethel C. (Ky.) 

Western Kentucky St. C. 

Grand Rapids Jr. C. 

Lawrence Inst. of Technology 

U. of Michigan 

Austin Jr. C. 

Concordia C. 

Gustavus Adolphus C. 

Minnesota S.T.C. (Moorhead) 

Minnesota S.T.C. (St. Cloud) 

Minnesota S.T.C. (Winona) 

U. of Minnesota 

Virginia Jr. C. 

Hannibal-La Grange C. 

Harris Teachers C. 

Park C, 

Westminster C. 

William Jewell C. 

Montana St. U. 

Dana C. 

Nebraska Wesleyan U. 

Bismarck Jr. C. 

North Dakota S.T.C. 
(Mayville) 

North Dakota S.T.C. 
(Valley City) 

Youngstown C, 

Huron C. 

Sioux Falls C. 

Southern S.T.C. (S.D.) 

Wisconsin State C. (Oshkosh) 

Arkansas C. 

Fort Smith Jr. C. 

U. of Arkansas 

Loyola U. (La.) 

Southwestern Louisiana Inst. 

Bacone C. 

Northern Oklahoma Jr. C. 

Southwestern St. C. (Okla.) 

Baylor U. 

East Texas S.T.C. 

Gainesville Jr. C. 


420 pages of text, $3.50. 


Hardin-Simmons U. 

Kilgore C. 

LeTourneau Technical Inst. 

Navarro Jr. C. 

Sam Houston §S.T.C. 

Schreiner Inst. 

Southwestern Jr. C. 

Texas Christian U. 

Texas Western C. 

Texas Wesleyan C. 

U. of Houston 

Weatherford C. 

U. of Massachusetts 

Baltimore Jr. C. 

Washington C. 

Canisius C. 

Queens C. (N.Y.) 

New York St. C. for Teachers 
(Albany) 

N. Y. St. Technical Inst. ( Brook- 
lyn) 

Alliance C. 

Elizabethtown C. 

Gettysburg C. 

St. Vincent C. 

Pennsylvania S.T.C, (Edinboro) 

Waynesburg C. 

Emory & Henry C. 

Medical C. of Va. 

U. of Richmond 

C. of William & Mary 

Morris Harvey C. 

West Virginia St. C. 

U. of Alaska 

George Pepperdine C. 

San Francisco St. C. 

San Diego Jr. C. 

Westmont C. 

Ventura Jr. C. 

Jackson C. (Hawaii) 

Idaho St. C. 

C. of Southern U. 


D. C. Heath and Company 


NEW YORK 14 


CHICAGO 16 
HOME OFFICE: BOSTON 16 


SAN FRANCISCO § 


ATLANTA DALLAS 1 
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OUTSTANDING 
MATHEMATICS 
TEXTS 


ADVANCED 
ENGINEERING MATHEMATICS 


640 pages $7.50 


A thorough reference on higher engineering 
mathematical methods. 


Coherently organized, exceptionally com- 
prehensive, and easily understood. It covers 
ordinary and partial differential equations, 
Fourier series and the Fourier integral, 
operational calculus developed through the 
use of the Laplace transformation, Bessel 
functions, theory of functions of a complex 
variable, vector analysis, and such tech- 
niques of advanced numerical computation 
as the numerical solution of equations and 
systems of equations, finite differences, 
harmonic analysis, least squares, and the 
method of Stodola. 


In press 


330 West 42nd Street 


PLANE TRIGONOMETRY 


The author focuses primarily on the analytical aspects of plane trigonometry indicat- 
ing its importance in a subsequent study of mathematics, physics, or engineering. The 
style is informal and direct; the numerous illustrative examples well-chosen and 
completely worked out. Discussion of complex numbers, trigonometric series, and 
hyperbolic functions are included. A glossary of terms and a basic review of 
geometry and algebra are to be found in the appendix along with an analysis of 
significant figures and computations with approximate numbers. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


by 
C.R. WYLIE, Jr. 


PROFESSOR AND CHAIRMAN 
DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF UTAH 


CALCULUS 


554 pages $6.00 


A new calculus text providing a sound theo- 
retical and practical treatment with substantial 
applications of calculus in the fields of physics 
and engineering. 


Professor Wylie covers all the material 
traditionally taught in a first-year course in 
calculus, including a review of solid analytic 
geometry and an introduction to ordinary 
differential equations. Completely worked 
examples emphasizing formulation from 
mathematical or physical principles and in- 
terpretation of results, as well as manipula- 
tion are included. Introductory and sum- 
mary paragraphs in each chapter make the 
material easy to follow. 


New York 36, N.Y. 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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